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Preface

This volume is based on lectures that were presented during the Oberwolfach-
Seminar on Recent Developments in Conformal Differential Geometry at the Math-
ematisches Forschungsinstitut Oberwolfach MFO in November 2007. It consists of
two main parts: one on @-curvature and one on conformal holonomy. Both parts
are independent of each other and reflect recent developments of the corresponding
topics.

In the early 1990s, Branson [Br93] introduced the concept of Q-curvature in
connection with an investigation of the behaviour of functional determinants of
natural conformally covariant operators under conformal changes of the Rieman-
nian metric. The underlying idea was that @Q-curvature should define a universal
part of the conformal anomalies of all such determinants. The full realization of
that idea remains a challenge. Since then the notion of Q-curvature has become
central in conformal geometry and geometric analysis: see [C04], [C05] and the
references therein. Moreover, it has a natural place in the study of the interplay
of spectral theory on asymptotically hyperbolic manifolds and the geometry of
their conformal infinities (in the sense of Penrose). In recent years, the system-
atic exploration of these relations has been much stimulated by the advent of
the AdS/CFT-duality [M98], [Wi98]. This perspective naturally fits also with the
program initiated by Fefferman and Graham in [FG85]. The seminal work [GZ03]
was one of the fruits of these interactions. Among other things, it established a
link between the total @-curvature of conformal infinity and the total holographic
anomaly of the renormalized volume. In the recent monograph [J09b], these ques-
tions were treated from a new perspective, which systematically regards previous
results as part of a theory of conformally covariant differential operators that are
associated to hypersurfaces in conformal manifolds. One of the new findings of that
theory is that of recursive structures among @Q-curvatures and the associated con-
formally covariant powers of the Laplacian. In the present lectures on Q-curvature
we motivate its study, describe its current role, and introduce the ideas of [JO9b].

The concept now called Cartan connections was introduced and successfully
applied by E. Cartan during the first decades of the 20th century. Cartan studied
geometric structures associated with solution spaces of classical ordinary differen-
tial equations using moving frames. Thereby, Cartan found a uniform concept that,
by studying invariants of group actions, as well as B. Riemann’s concept of curved
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Riemannian manifolds, generalizes F. Klein’s approach to geometry to a broad
class of geometries, such as conformal, projective, Einstein-Weyl, 3-dimensional
CR and so on. The renewed interest in conformal, projective and quaternionic
structures as well as relations to complex analysis via CR structures brought Car-
tan connections back to general interest during the last decade. In particular, the
systematic development of parabolic differential geometry in modern language of
principle fibre bundles (cf. [CS09]) turned out to be extremely useful in studying
geometric problems and structures in a unified and systematic way. We mention
here in particular the classification of various conformal and CR invariants, the
classification of conformally invariant operators, the classification of higher sym-
metries of differential operators, the classification of solutions of twistor equations,
or the progress in understanding T. Branson’s Q-curvature (cf. for example [FG85],
[CSS01], [CDO1], [E05], [LO7], [J09b)).

The common feature of many different kinds of geometries is the existence
of a distinguished (normal) Cartan connection which characterizes the geometry
in question, similar to the Levi-Civita connection in Riemannian geometry. An
example is conformal geometry, which we will focus on in the second chapter of this
volume. Many symmetries and supersymmetries in conformal geometry (conformal
vector fields, conformal Killing forms, conformal Killing tensors, conformal Killing
spinors) have an interpretation as invariant objects for the holonomy group of
the normal conformal Cartan connection and can be classified in this way. In the
second part of this volume, we want to introduce the reader to this application of
Cartan geometry. We will explain the normal conformal Cartan connection and
the holonomy group of a conformal manifold. In particular we intend to show how
geometries admitting conformal symmetries and supersymmetries can be classified
using methods of conformal Cartan geometry.

The original lectures were designed as introductions to the respective sub-
jects with particular emphasis on the underlying conceptual ideas rather than on
technical details. The present notes are an expanded version of the lectures con-
taining more details and describing more background. In particular, we give proofs
for a selection of central facts. Since the presentation in Chapter 1 does not overlap
much with other texts and also contains some new results, these lectures might also
have some interest for experts. In our presentation of conformal Cartan geometry
in Chapter 2, we try to avoid the general machinery of parabolic geometry. Our
main aim is to explain the link between the conformally invariant concepts of con-
formal Cartan geometry and concrete conformally invariant geometric structures
on (pseudo-)Riemannian manifolds as explicit as possible.

The list of references is far from being exhaustive. We have restricted cita-
tions to only those sources which are of immediate concern for these lectures. We
apologize for all serious omissions.

Chapter 1 starts with a brief discussion of the flat model of conformal geom-
etry in Section 1.1. After these preparations, Section 1.2 introduces and discusses
Q-curvature of order 4 in arbitrary dimension. Among other things, we prove the
conformal covariance of the Paneitz operator, describe the role of ()4 in the con-
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formal variation of functional determinants (Polyakov’s formula) and discuss its
connection with the GauB-Bonnet formula. In Section 1.3, we define QQ-curvature in
full generality and derive its fundamental transformation law. Then we use repre-
sentation theory to derive explicit formulas for GJMS-operators and @-curvatures
on the round sphere. We identify GJMS-operators with the residues of an inter-
twining operator for spherical principal series representations. This serves as a
preparation for Section 1.4, which explores the connection to scattering theory on
conformally compact Einstein spaces. Again, we begin with a detailed description
of that perspective for the round sphere. It is followed by showing that the critical
Q-curvature and the GJMS-operators for general metrics can be seen in the scat-
tering operator. This material is crucial for the last two sections which are devoted
to a discussion of some results of [J09b]. The main ideas here are the construction
of the so-called residue families and the associated @-curvature polynomials. The
residue families are certain families of differential operators which may be regarded
as local analogs of the scattering operator. In particular, the critical family con-
tains the critical @-curvature and the critical GJMS-operator in much the same
way as the scattering operator contains these data, and the parameter of the
residue families corresponds to the spectral parameter of the scattering operator.
Section 1.6 describes recursive structures for Q-curvatures and GJMS-operators.
These are consequences of their relation to the residue families. In particular, we
display well-structured explicit formulas for the conformally covariant cube Py
of the Laplacian and the Q-curvature QQg. We hope that the latter results are
amenable to future applications in geometric analysis.

Chapter 2 is organized as follows. In Section 2.1 we introduce the notion of a
Cartan connection and of its holonomy group. In particular, we relate this holon-
omy group to the holonomy group of covariant derivatives on associated tractor
bundles. Section 2.2 contains an outline of the construction of the normal con-
formal Cartan connection in its invariant form as well as its description in terms
of the metrics in the conformal class. This leads to the ‘metric’ formula for the
normal covariant derivative on tractor bundles, which is usually used in conformal
geometry. In particular, in conformal geometry the normal covariant derivative on
the standard tractor bundle of a conformal manifold plays the same role as the
Levi-Civita connection plays in (pseudo)-Riemannian geometry. Due to this, the
holonomy group of a conformal manifold is defined as the holonomy group of this
distinguished conformally invariant covariant derivative. Section 2.3 is devoted to
conformal manifolds with reducible conformal holonomy representation. It turns
out that this case is closely related to the existence of Einstein metrics or products
of Einstein metrics in the conformal class. In particular, we describe the conformal
analog of de Rham’s Splitting Theorem for conformal manifolds. In Section 2.4
we give a review of recent classification results for irreducibly acting conformal
holonomy groups in Riemannian and in Lorentzian signatures. In Section 2.5 and
Section 2.6 we intend to show how twistor equations on differential forms and on
spinors can be solved using conformal holonomy groups. We focus mainly on the
case of spinors, where we also give an overview of classification results for the geo-
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metric structures admitting conformal Killing spinors in the Riemannian as well as
in the Lorentzian case. In the latter case, methods of conformal Cartan geometry
proved to be extremely useful. Section 2.7 deals with Lorentzian manifolds with
conformal holonomy group in SU(1,m), the “conformal analog of Calabi-Yau man-
ifolds”. For this aim, we explain the construction of Fefferman spaces, which are
S1-bundles over strictly pseudoconvex CR manifolds. Using results about confor-
mal Killing spinors on Fefferman spaces, we explain why the conformal holonomy
group of Fefferman spaces is contained in SU(1,m). We finish part two of this
volume with an outlook on recent results on conformal manifolds with holonomy
groups in SU(p, q), Sp(p, q), Ga(2) and Spin(4, 3).

Acknowledgments. We are grateful to MFO and its staff for providing the in-
frastructure which enabled realization of the seminar on conformal geometry. We
thank MFQ’s director Gert-Martin Greuel for urging us to publish these lecture
notes. During the actual preparation of the manuscript we enjoyed an effective
cooperation with the Birkhauser editor Thomas Hempfling and his team. Finally,
we are grateful to Carsten Falk for critical reading of parts of the manuscript. The
second author was supported by a DFG grant through SFB 647 “Space-Time-
Matter”.






Chapter 1

Q-curvature

The concept of Q-curvature was introduced by Thomas Branson in [Br93], [Br95]
and [BO91b]. Since then Q-curvature has played an increasing and central role in
large parts of conformal differential geometry and related geometric analysis. For
recent reviews see [Br05], [BG08], [CEOY08] and [MO07].

1.1 The flat model of conformal geometry

We start by describing the flat model of conformal geometry. Let n > 3. The
Euclidean space R"*! with the scalar product

n
(z,y) = —zoyo + »_wiyi, = (20,2'), y= (yo,¥)
=1

will be denoted by R, Let b(z) = —ag + ., 22, and let O(1,n) be the orthog-
onal group of the quadratic form b, i.e.,

O(1,n) = {T € GL(n+ 1,R) | b(Tz) = b(z), € R*"'}.

Elements in O(1, n) will be written in block form with respect to natural bases of
R"™*1. The standard basis {e;}§ corresponds to block matrices of the form

1x1 1xn
nx1l nxn/’
In addition, it will be convenient to use the basis
{an f17 RN fn—17 fn} - {f07 €1y---,En—1, fn} (111)
with

en + €p

7

fOZen_eO and fn:

V2
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Note that (fo, fo) = (fn, fn) = 0. Then

0 1
(b(fi, f5)) = I ;
1 0
and matrices in O(1,n) have the form
1x1 1x1
n—1xn-1
1x1 1x1

Next, we define some subgroups of O(1,n) which will play a distinguished
role. With respect to the basis (1.1.1) let

a”! 0
A = I , a (S R, a 7é O
0 a
and
1
M = T ,TeOn-1)
1
Moreover, let
1 v —1b(v)
N~ = I —v |,veR"!
0 1
and
1 0
NT = v I 0],veR"?
—3b(v) —v 1

The real Lie algebras of these groups will be denoted by a, m and n¥.

The basic properties of these groups are the following. First of all, A and N*
are abelian and A and M commute. Next, the group M A normalizes NT and N~.
Hence the groups

P = MAN*

are well-defined. Let p* = m@® a@®n? be the Lie algebra of P*. m @ a and n* give
rise to the decomposition

g=n"@&mdadn’ (1.1.2)
of the Lie algebra g of G = O(1,n). (1.1.2) is the root decomposition of g with
respect to the adjoint action of a, i.e.,

-1
ad(X()), Xy = 0 ca
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acts with the eigenvalues +1 on n*. In particular,
Mt n]cmea

Note also that the adjoint action of M ~ O(n — 1) on n* ~ R"~! coincides with
the standard action.
In Chapter 2, the alternative notation

B=P, N =B, Nt=B_, By=MA

and

b1 =n", b,1:n+, bp=mda

will be used. Then (1.1.2) reads
g=b1 Dby db_y,

and we have [b;, b;] C by, i.e., g is a 1-graded Lie algebra.
Now the action of O(1,n) preserves the light-cone

C = {z = (x9,2') € R""|b(z) =0} .

Since the linear action of O(1,n) on R1™ commutes with the action x — Az, A € R,
it induces an action on the space of lines in R"*1, i.e., on the real projective space
P™. Let @Q C P™ be the space of lines in the cone C, and let 7 : C — @ be the
natural projection.

Through the identification

S sz n((l,2) €Q (1.1.3)

the group O(1,n) acts by

(-~ o =

on the sphere S"~!. In order to determine an explicit formula for the action, let

btoA
standard basis. Then g(1,x) = (d + (¢, z),b+ zA%), and g induces the map

g = <d C) (with arrows b, ¢ of length n and a scalar d); here we use the

zAt +b
—— 1.1.
T = (.2) +d (1.1.5)

on S™1L.
The space R1'™ is a Lorentzian manifold with the metric

n
§=—daf+> da}. (1.1.6)
=1
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The restriction of § to the cone C degenerates. In fact, §(X,Y) = 0 for X =
St o xi0)/0x; € Tp(C) and all Y € T,(C). This follows from db(Y) = 2§(X,Y).
But for any x € C,

9:(Y,Z) = gr(ﬂil(y)ﬂril(Z))v Y, Z e T‘fr(m)(Q)

defines an inner product on T7(,)(Q). Moreover, we have g\, = A2g,. In other
words, any section 7 : Q@ — C of 7 : C' — @ induces a metric 7*(g) on @ so that
two such sections induce metrics which differ by a non-vanishing smooth function,
i.e., are conformally equivalent (see Definition 1.2.1). This defines a conformal
class on Q. Through the identification (1.1.3) of Q with S™~!, this class is the
conformal class of the round metric g..

Now O(1,n) operates by conformal diffeomorphisms with respect to g, i.e.,
for any g € O(1,n), there is a non-vanishing function ®, € C*°(S"~!) so that

9+(9c) = ®7ge.
More precisely, (1.1.4) implies that

1 d c
g*(gc) = mgca g= (bt A) . (117)

O(1,n) acts transitively on @ with isotropy group G,y = P~. Thus Q ~
O(1,n)/P~. In terms of the sphere S"~!, the parabolic subgroup P~ fixes the
point (0,0,...,—1).

Note that the action (1.1.5) of O(1,n) on S"~! extends the isometric action
on the unit ball B” = {z € R", |z| < 1} with the metric

4 o
i=1

In order to see that, we use the fact that

/

C(-1) 3 (zg,2") — €B"

1 + Zo
is an isometry of
c(-1) = {1‘ = (zo,2") € RV |b(2) = —1}
and B". Its inverse is given by
L+ |z 22
B" > , e C(-1).
o= (i o) €0

These formulas show that (Ii jl) operates on B" by

i 20 A 4+ b(1 + |z]?)
1— |22 +2(c,x) +d(1 + |z|?)

x (1.1.9)
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For z € S"~! = OB", the latter formula reproduces (1.1.5).
Similarly, the quadratic form

p p+q+1
b(z)= - @i+ Y (1.1.10)
i=0 i=p+1

on RPT1.4+1 defines a quadric QP9 in the projective space P*, n = p + g + 1. The
group O(p+1, g+1) acts on QP'? by linear transformations. Q-7 is a homogeneous
space for O(p+ 1,¢ + 1). The isotropy group P~ at 7(fy) has the decomposition
P~ = M AN, where the groups M, A and N~ are given by

a1 0 1
A= Iiqg ,a€ER a#03, M= T , T'€ O(p,q)
0 a 1
and
1 v —ib(v) I
0 1 L

The corresponding Lie algebras a, m, n* yield a generalization of the decomposi-
tion (1.1.2) for the Lie algebra of O(p + 1, ¢ + 1). In particular, g is 1-graded.
The signature (p + 1,¢ + 1) metric

P p+q+1
g=-> di}+ Y da} (1.1.11)
i=0 i=p+1

on RPT14+1 induces a conformal class of metrics of signature (p, q) on QP. Some-
times this space is called the Mobius sphere. In the special case p = 1, we obtain
an n-dimensional Lorentzian manifold Q"' with a double cover given by the
product space S! x S*~! with the metric —gg1 + ggn-1.

For more details on the flat model we refer to [Fe05], [Sh97] and [F07].

1.2 (-curvature of order 4

In this lecture we define the Q-curvature Q4 and discuss its basic properties.
The quantity Q4 is a scalar curvature quantity of order 4 of a smooth Rieman-
nian manifold of dimension n > 3, i.e., its definition involves four derivatives of the
metric. Among other curvature quantities of the same order, Q4 is distinguished
by its behaviour with respect to conformal changes of the metric.
First, we make precise the notions of conformal change and conformal class.

Definition 1.2.1. The Riemannian metrics g and g’ on M are called conformally
equivalent iff g = Ag’ for some positive A € C*°(M). The set of all metrics of the
form Ag with 0 < A € C*°(M) is called the conformal class [g] of g.
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It will be convenient to write conformal factors in the form
A =e* e C°(M).

For given g, the conformally equivalent metrics will often be denoted by §. In
situations where this notation is used, the conformal factors should be clear from
the context.

Next, we recall the transformation rules of the basic curvature tensors of
Riemannian geometry with respect to conformal changes of the metric. For any g,
let

VI:T(TM)->T(T"M @ TM) (1.2.1)

denote the corresponding Levi-Civita connection. It defines a covariant derivative
V% : X(M) — X(M) (1.2.2)
on the vector space I'(TM) = X(M) of smooth vector fields on M so that
Xg(Y,2) = (V4 (Y), 2) + g(Y, V% (2)) and V4 (V) = VE(X) = [X, Y] (1.2.3)
for all vector fields XY, Z € X(M). Let
RI(X,Y)=V%VY — Vi V% — fo’y] (1.2.4)

be the Riemann curvature tensor. In terms of a local orthonormal basis {e;} we
define the Ricci tensor

Ric?(X,Y) = Z g(RI(X,e;)e;,Y) (1.2.5)

3
and the scalar curvature
scal® = ZRicg(ei, ei). (1.2.6)

We shall also write Ric(g) and scal(g).
Let the gradient grad?(f) € X(M) of f € C°°(M) be defined by
g(grad?(f), X) = (df,X) forall X € X(M),

and let
Hess?(f)(X,Y) = g(V% (grad(f),Y), X,Y € X(M) (1.2.7)

be the (covariant) Hessian form of f. The trace of the symmetric bilinear form
Hess?(f) yields the Laplace-Beltrami operator for the metric g:

Ag(f) = trg Hess?(f). (1.2.8)

Now the conformal transformation law
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Ric(e2%g) = Ric(g) — (n — 2) Hess? () — A, (9)g
— (n—2)|grad?(9)[’g + (n — 2)dp @ dp  (1.2.9)
for the Ricci tensor implies the conformal transformation law
e*?scal(e®?g) = scal(g) — (2n—2)Ag(p) — (n—1)(n—2)| grad®(p)[*  (1.2.10)

for the scalar curvature.
For n = 2, these formulas read as

Ric(e*?g) = Ric(g) — Ay(p)g and e**scal(e*?g) = scal(g) — 2A4(p). (1.2.11)
The second relation is equivalent to the transformation formula
2K (2 g) = K(g) — Ay %) (1.2.12)
for the Gauf-curvature

K(g) = g(R(e1,e2)ez,e1)

of the surface M. The relation (1.2.12) is known as the Gauf-curvature prescription
equation.

For n > 3, it is convenient to formulate (1.2.9) and (1.2.10) in terms of the
Schouten tensor

1
P9 — icd — )9 1.2.1

— (Ric? —J9g), ( 3)

where I(g)
9= J(g) = =8 1.2.14
¥ =)o) = 5L (1.2.14)

Then ]
P =P — Hess(p) + dp @ dp — §| grad(¢)|?g (1.2.15)

and . n

2] =J— A(p) — (5—1) | grad(y)[2. (1.2.16)

Here we abbreviate P and J for the metric § = e?#g by P and J, respectively. This
convention will be used throughout. Note that J = K in dimension 2.

The fundamental role of the Schouten tensor P in conformal differential ge-
ometry rests on the following decomposition formula for the curvature tensor (see
Section 1G in [Be87]).

Proposition 1.2.1. The curvature tensor of Riemannian manifolds of dimension
n > 3 admits a decomposition of the form

RI=WI—PI@g,

with a tensor W so that

W = e?#W. (1.2.17)
W is called the Weyl-tensor.
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Here ® denotes the Kulkarni-Nomizu product of symmetric bilinear forms. It
is defined by

(b1 ©b)(X,Y, Z,W) = b1 (X, Z)ba(Y, W) — b1 (Y, Z)b2(X, W)
4 by (Y, W)ba(X, Z) — by(X, W)ba(Y, Z).

In dimension n > 4, the vanishing of the Weyl-tensor W characterizes local
conformal flatness. Thus, Proposition 1.2.1 implies that for locally conformally
flat metrics in these dimensions the curvature tensor is governed by the Schouten
tensor.

A Riemannian metric induces natural scalar products and norms on tensors.
In particular, (1.2.17) implies

e* (W, W) = g(W, W). (1.2.18)

Using vol(e??g) = e%¢ vol(g), it follows that on closed four-manifolds the functional

W(9)1A149(W97W9)V01(g) :/M4 IW9|2 vol(g) (1.2.19)

is conformally invariant:
W(e**g) = W(g).

g is a critical metric for the functional W iff ¢ is Bach-flat, i.e., B(g) = 0. Here
1
Bij = V'V* (W) + 3 Ric™ Wi (1.2.20)

is the Bach tensor.
After these preparations, we introduce ()4 in general dimensions.

Definition 1.2.2 (Q-curvature of order four). On manifolds of dimension n > 3,
we define Branson’s @-curvature of order four by

Qun = gﬁ — 2P — AJ. (1.2.21)

On the right-hand side of (1.2.21), all quantities are to be understood with
respect to a fixed metric. In order to simplify the formula, the metric is suppressed.
Due to the contribution AJ the definition of Q4 involves four derivatives of the
metric.

Of course, 4, can be written also in terms of more conventional quantities
as the trace-free Ricci-tensor Ricg and the scalar curvature. Then we have the less
illuminating formula

Ascal

Q4,n = cn| Ricy |2 + d,scal® — 30=1)
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with the constants

2 _(n-2)(n+2)
(n—2)2 d dn 8n(n—1)2 °

Cp = —

Of particular interest will be Q4 on manifolds of dimension n = 4. We set

Q1= Qa1
and call Q4 the critical Q-curvature. Then

Qi=2(J7—1|P]?) - AJ (1.2.22)

or, equivalently,

1 1 1
Q4= —§| Rico |* + ﬂscalz - EASCSLL

Later it will often be convenient to simply write Q4 for all Q-curvatures Q4.
In such cases, the dimension n will be clear from the context.

The following result is the conformal transformation law of the critical Q-
curvature Q4. It was discovered in [BO91b].

Theorem 1.2.1 (The fundamental identity). On four-manifolds (M, g),

e*?Qu(€*?9) = Qa(g) + Pa(9) (), (1.2.23)

where
Py(g) = A2+ 6,4(2Jg — 4P9)d. (1.2.24)

In (1.2.24), the symmetric bilinear form P is considered as a linear operator
on (M), and the divergence &, : Q' (M) — C>°(M) is the adjoint of the exterior
derivative with respect to the usual scalar products on differential forms induced
by g.

In connection with Theorem 1.2.1 some comments are in order.

Since the definition of the curvature quantity Q4 involves four derivatives of
the metric, it is natural to expect that its transformation law under conformal
changes g — €??g of the metric involves non-linearities in ¢ of order up to 4.
However, Theorem 1.2.1 states that the transformation law of @4 is governed by
a linear operator.

The situation should be compared with the following observation for scalar
curvature. The transformation law (1.2.10) of the second-order scalar curvature
displays non-linearities of order 2 if n > 3. However, in two dimensions, the cor-
responding transformation law in (1.2.11) is linear in ¢. Thus, (1.2.23) should
be regarded as an analog of the Gaufi-curvature prescription equation (1.2.12).
Therefore, it is sometimes called the QQ4-curvature prescription equation.

The transformation law of the critical Q-curvature ()4 is governed by the
critical Paneitz operator Py. The fact that the operator Py appears in the conformal
transformation law of Q4 implies its conformal covariance. More precisely,
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Theorem 1.2.2. On four-manifolds (M, g),
' Py(e*?g) = Pa(g).

Proof. Theorem 1.2.1 implies

64¢P4(e2“’g)(1p) — ol (e4wQ4(ez(w+w>g) _ Q4(62‘Pg))
_ 64(W+w)Q4(62(@+’d})g) o 64@@4(62999).

Another application of Theorem 1.2.1 shows that the latter sum equals

Qa(9) — Pa(9) (e + ) — (Qa(g) + Ps(9)(9)) = Pa(g)(¥).

This completes the proof. O

The same argument as in the proof of Theorem 1.2.2 derives the conformal
covariance

e2? Py (e*?g) = Pa(g) (1.2.25)

of the Laplacian P»(g) = A, on a surface from the GaufB-curvature prescription
equation (1.2.12). In order to further stress the analogy, we set Q2 = J (in all
dimensions).

It is an important fact that, for any metric g on a closed four-manifold M,
the total @Q-curvature

Qa(g) vol(g)
M4

is conformally invariant. This is an easy consequence of Theorem 1.2.1. In fact, we
calculate

Qu(3) vol(3) = / ¢ Q(3) vol(g)

M4 M4

= [ 1Quto) + o))} volto)
= [ Qulg)vol(g) + / P;(9)(L)gvol(g).
M4 M4

But Py (1) = P4(1) = 0. This yields the assertion.

Although the conformal transformation laws of ()2 and @4, are more com-
plicated in the respective dimensions n # 2 and n # 4, (1.2.25) and Theorem 1.2.2
admit the following generalizations to general dimensions.

Theorem 1.2.3. On manifolds (M, g) of dimension n > 2, the Yamabe operator

Pyn(g) =4y — (g—l) Q2(9) = Ay — n-2 )scal(g) (1.2.26)

2(n—1
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s conformally covariant, i.e.,
eGP, (e29g)(u) = Pgm(g)(e(%*l)‘pu) (1.2.27)
for all u,p € C*°(M).

Proof. A direct calculation shows that

N n 2
eETVPA oy (e (57 D9y) = Au— (g - 1) A(p)u — (g - 1) | grad () [*u.

On the other hand, (1.2.16) states that

n
e*)(e*g) = 1= Alp) — (5 — 1) lgrad().
These formulas imply the assertion. O

Theorem 1.2.4. On manifolds (M, g) of dimension n > 3, the Paneitz operator
Pin(g) = A% +5((n — 2)Jg — 4P)d + (g _2) Qin (1.2.28)
s conformally covariant, i.e.,
3129 P (2% g)(u) = Py(g) (e =2 Pu) (1.2.29)
for all u,p € C*°(M).

Of course, P, , can be written also in terms of the trace-free Ricci tensor
Ricg and the scalar curvature. This yields the more explicit, but less illuminating
formula

A? 4 § (apscalg + by Rico) d + (g —2) Qan
with
n?—2n —4 b 4
2n(n—1) " " n-2

We emphasize the important fact that for n # 4 the constant term of Py ,, is
a non-trivial multiple of Q4 ,. However, the critical Q-curvature Q4 is not visible
in the critical Paneitz operator P, due to the coefficient 5§ — 2.

Moreover, the situation is analogous to that for Q2: in (1.2.26), the coefficient
% — 1 hides Q5 for n = 2.

Theorem 1.2.4 was discovered by Paneitz in 1983. Although his work re-
mained unpublished until recently [Pa83], it had a major influence on the subject.
In dimension n = 4, the operator P, also appeared in the independent works
[ES85] and [R84].

Next, we give a proof of the conformal covariance of the critical Paneitz oper-
ator Py. It rests on the conformal covariance of the Yamabe operator in dimension
four (Theorem 1.2.3). In the first step, we write Py in the form

Ay —

Py = (P})° - 48(Pd) = (P3)° — 4T
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with 7 = 0(Pd). Now the relation
> Py(e*?g) = Pa(g)e?

(see (1.2.27)) implies
64“"P22 = e¥ Pre 2P Pye¥.

Here P, and P, are the respective Yamabe operators for g and § = e?>g. Hence

(d/dt)|o(e"? P5(e**%g)) = oP5 — 2PyoPy + P3¢
= [PQa [PQa <)0”

It follows that
(d/db)]o (49 (P)(2%g)) = [P, [Po, o] = [, A, SII°
Now a calculation shows that
(A, [A, 0)]°u = 4(Hess(u), Hess(p)) + first-order terms. (1.2.30)

Next, using
T (u) = —(P,Hess(u)) + first-order terms

and (1.2.15), we find
(d/dt)]o (e™*T (e*#g)u) = (Hess(u), Hess(p)) + first-order terms.  (1.2.31)
Now (1.2.30) and (1.2.31) show that the conformal variation
(d/dt)]o (' Py(e*# g)u) (1.2.32)

is a differential operator of first order. By the self-adjointness of P, this operator
is self-adjoint, too. Moreover, it has vanishing constant term. Thus, the conformal
variation (1.2.32) of P, vanishes, and we find

U Ry(*g) — Pulg) = [ (@) (4 Pi(eg)
_ /0 ¢4 (d/dt)o (49 Py(c2# (2% g))) ds = 0

by (1.2.32) for the metrics e?*#g. This proves the conformal covariance of Pj.
Now we continue with the description of some applications.
We recall that the Yamabe problem asks for given (M, g) to find a metric in
the conformal class [g] with constant scalar curvature. We refer to [LP87] for a
lucid account. The positive solution of the Yamabe problem motivates us to pose
the following problem.
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Problem 1.2.1. Describe the conformal classes which contain a metric with con-
stant Q4.

As one result in this direction, we mention the following theorem [DMO8].

Theorem 1.2.5. Assume that the metric g on the closed four-manifold M satisfies
the conditions
ker Py(g) =C

and

Qa4(g)vol(g) # 16kn?, k=1,2,....
M

Then there exists p € C*°(M) so that Q4(e*#g) = constant.

The assumptions in Theorem 1.2.5 are conformally invariant and exclude
the sphere S* with the round metric g.. In fact, we have seen above that the
fundamental identity for ()4 implies that the value of the integral only depends on
the conformal class. Moreover, for (5%, g.), we have Q4 = 3!, i.e.,

/ Qulg0) vol(g,) = 31372 = 1672
S4 3

Theorem 1.2.5 motivates us to ask for a description of the metrics g so that
the kernel ker Py(g) is trivial, i.e., ker P4(g) = C. More generally, the conformal
covariance of P, implies that the kernel ker P4(g) only depends on the conformal
class of g. It is of independent interest to study this conformal invariant.

By the fundamental identity for )4, the problem of findind a metric with
constant Q4 in the conformal class of g, is equivalent to the problem of solving the
equation

Qa(9) + Pa(9)(¢) = €'¥Qq (1.2.33)

for a constant Q4. This problem is variational, i.e., (1.2.33) is the Euler-Lagrange
equation of a variational problem. More precisely, (1.2.33) characterizes the critical
points of the functional

I(p) = /M4 (pPs(p) + 2Qaep) vol

<M4Q4V01>log</ vol(g / Vol ) (1.2.34)

This extends the fact that for closed surfaces the equation

Q2(9) — Pa(9) () = €*°Q2

is the Euler-Lagrange equation of the functional

J(p) = /M2 (—pPa(p) + 2Q2¢p) vol
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—</M2Q2vol>log</ vol(g / _vol(g ) (1.2.35)

In Section 1.3 we shall define the critical Q-curvature @,, of a Riemannian
manifold of even dimension n. It is natural to study Problem 1.2.1 for these cur-
vature invariants, too. We refer to [B03] and [Nd07] for results in this direction.

The functionals J and I appear also in connection with Polyakov’s formula
for the conformal variation of determinants. In order to describe this connection,
we first recall the notion of determinants as introduced by Ray and Singer [RS71].

Let —A, be the non-negative Laplacian of (M, g). In particular, the Lapla-
cian of the Euclidean metric of R" is Y, 8%/0z;. —A, gives rise to a self-adjoint
unbounded operator on L?(M,g). By the compactness of M, it has a discrete
spectrum consisting of real eigenvalues

0=X <A <A<

of finite multiplicity. We define the spectral zeta function of —A, by the Dirichlet

series

]>l

Weyl’s law
#{j1N <t ~ept?, t— o0

implies that ¢ is holomorphic on the half-plane Re(s) > n/2. ( admits a meromor-
phic continuation to the complex plane C. This continuation is regular at s = 0
and we define the zeta-reqularized determinant of —A by

det(—A) = exp(—¢'(0)), (1.2.36)

where the prime denotes the complex derivative.
In a similar way, one defines the (zeta-regularized) determinant of more gen-
eral operators D. If the spectrum of D contains (finitely many) negative eigenval-

ues, one sets 4
det(D) = (1)< exp(—((0)),

where

We recall that on surfaces, P, = A and Q2 = K. The following formula was
discovered by Polyakov [Po81].

Theorem 1.2.6. For volume-preserving conformal changes g — €*?g on closed
surfaces (M2, g),

det(— Py (e2?g)) 1
g (S ) = - [ ena)e + 20a)elvla). (1230
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For conformal changes which do not preserve the volume, the quotient

log</ vol(g / vol(g )

does not vanish and yields an additional contribution in (1.2.37). Detailed proofs
can be found in [Br93], [C04]. For a discussion from the point of view of string
theory we refer to paragraph 3.5 in the lectures of Eric D’Hoker in [D99).

One of the remarkable aspects of (1.2.37) is that the change of the transcen-
dental determinant within conformal classes is described by local terms: Gauf3-
curvature.

We note that the Gaufl curvature prescription equation (1.2.12) implies that

Q2(g) vol(g) + Q2(9) vol(g) = (Q2(g) + (Q2(g) — Fa(g)())) vol(g)

for § = e2#g. Hence

/ o Pa(g)() +2Qa(g)e] vol = / 2 [Qs(g)vol(g) + Qs (g) vol(3)]. (1.2.38)
M?2 M2

In particular, the integral on the right-hand side of (1.2.37) is only determined by
the Gaufl curvature. In the physical literature, the functional

S(p,9) =

o2 | |5l @F + K)ol

is called the Liouwville action (see [D99]). From the point of view of (1.2.38), it is
more natural to consider the functional

H:(3:9)— [ ¢[Qa(g)vol(g) + Q2(g) vol(9)]

M2

of two arguments. H is alternating. Moreover, the Gaufl-curvature prescription
equation implies the cocycle relation

H(*WH9g,9) = H(WT9)g, 6% g) + H(e*g, 9). (1.2.39)
In order to prove (1.2.39), it will be convenient to introduce the Lagrangian

L(9,9) = ¢[Q2(g) vol(g) + Q2(9) vol(§)], § = e**g.

Then H(g,9) = [,, £ o ). Now an application of the Gau3-curvature prescription
equation and the conformal covariance of P, yields

L(e# ) g,e22g) = v [2Q2(e*%g) — Pa(€*g) ()] vol(e*?g)
=9 [2Q2(g) — 2P2(9)(¢) — P2(g) ()] vol(g)
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and
L(e*g,9) = ¢[2Q2(g) — Pa(g9)(¢)] vol(g).

Hence

L(2T) g, e*?g) + L(e*?g, g)
= L(e*¥T) g, g) + [oPa(9)(¥)) — ¥ Pa(g9)(¢)]) vol(g).

But ¢P2(g)(4)) — ¥ P2(9)(p) = d(a(p,v)) with a(p,v) = Ydp — pdy € Q1 (M).
This proves (1.2.39). It plays a fundamental role in [KS06].

Formula (1.2.37) naturally applies to the study of the extremal properties
of the determinant. In particular, each conformal class on a surface admits a
metric which extremizes the determinant. This yields a proof of the Uniformization
Theorem [OPS88a], [OPS88b].

Theorem 1.2.6 admits far-reaching generalizations to operators on manifolds
of higher dimensions. Let D be a natural formally self-adjoint linear differential
operator on M with positive principal symbol. Here an operator D is called natural
if it is defined in terms of a metric g by using a number of standard operations
(see Section 1.3 for a more precise definition). In other words, a natural operator
is a rule to associate an operator D(g) to any metric g. Moreover, we assume that
D is conformally covariant in the sense that there exist constants a,b € R so that

e*? o D(e*?g) = D(g) o €*

for all ¢ € C°°(M). For the precise meaning of the technical assumptions we
refer to [Br93]. Typical examples for D are the Yamabe operator and the Paneitz
operator. The following result was proved in [BO91b].

Theorem 1.2.7. Let D be as above. Assume that ker D(g) = 0. Then, for volume-
preserving conformal changes g — G = e?>?g on the closed four-manifold (M, g),

log (%) - a/M4 [pPa(ip) + 2Qup] vol

+ b/M4 ©|W|? vol +c (/M4 J2(g) vol(g) — » J(9) vol(g)) (1.2.40)

for certain constants a,b, c which depend on the operator D but not on the metric.

Remark 1.2.1. The constants a, b, ¢ in Theorem 1.2.7 arise through the identifica-
tion of the constant term in the expansion of the trace of the heat kernel of D as
a linear combination of Q4, [W|? and AJ. In particular, for D = — P, [BO91b],

(a,b,c) ~(—1,1,-2)

and for D = P, [Br96],
(a,b,c) ~ (—14,-1,32).
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For conformal changes which do not preserve the volume, the quotient

log</ wl(@)/ [ vl )

does not vanish and yields additional contributions in the corresponding version
of (1.2.40).

For the conformal class of the round sphere S*, the contribution of W in
(1.2.40) vanishes, and by Remark 1.2.1, the coefficients ¢ and ¢ for the Yamabe
operator have the same sign. This leads to the following application of Theorem
1.2.7.

Theorem 1.2.8 ([BCY92]). On the round sphere (S%, g.), we consider the determi-
nant of —Pa(g) for volume-preserving conformal changes of gc. It is minimal iff g
1s the pull-back of g. by a conformal diffeomorphism.

Theorem 1.2.8 is the four-dimensional analog of the result of Onofri [082]
that among all metrics g on S? of the same volume 47 as the round metric g,
the determinant of —P(g) = —Ay is mazimal if g is the pull-back of gy by a
diffeomorphism.

Similarly as for surfaces, the fundamental identity for (4 implies that the
first term on the right-hand side of the variational formula (1.2.40) can be given
a more natural formulation as follows. In fact, Theorem 1.2.1 shows that

Q4(g) vol(g) + Qa(g) vol(§) = [Qa(g) + (Qa(g) + Pi(g)(¢))] vol(g)

for § = e*#g. Hence

/ oPy(9)(¢) + 2Qu(g)¢] vol(g) = / 2 [Qu(g) vol(g) + Qa(g) vol(§)] .
M4 M4

Moreover, the two-variable function

H.9) = [ ¢1Qula) volla) +Qu(a) wl(@)]). 4 = %

on conformal classes satisfies the cocycle relation (1.2.39). Its proof is analogous
to that for H on closed surfaces. It rests only on the conformal transformation
law of @4 and the self-adjointness of Py. Moreover, it generalizes to arbitrary even
dimensions in terms of the corresponding critical @Q-curvatures. For a detailed
discussion of these cocycles we refer to [Br05].

For the round sphere (5%, g.), a crucial ingredient in the proof of Theorem
1.2.8 is the inequality

[, @ 1Qu(ar) vollg) + Qu(e#.) vol(e2#g0)) = 0
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for volume-preserving conformal changes of g.. This inequality is the special case
n = 4 of an inequality which is equivalent to an inequality due to Beckner [Be93].
For more details we refer to chapter 3 of [Br93] and [Br05].

Next, we describe an important connection between the QQ-curvature Q4 and
the Gaufl-Bonnet formula. We first note that in dimension n = 2, the total Q-
curvature

QQ vol
M2

of a closed surface (M2, g) equals 2mx (M) by the Gau-Bonnet formula. Similarly,
we have seen that the total Q-curvature

Q4 vol (1.2.41)
M4

is a conformal invariant of a four-manifold (M, g). In order to evaluate the inte-
gral, we apply the Chern-Gauf3-Bonnet theorem

/ Pf, = (27)%x(M). (1.2.42)
M4

Here Pfy € Q4(M) is the Pfaffian form. Identifying Pf; with a multiple of the
Riemannian volume form, we find

1
Pfy = () — |P|?) + g\W\Q. (1.2.43)

It follows that )
Q4= 2Pfy —Z|W|2 — AJ. (1.2.44)

The latter formula implies that the total Q-curvature (1.2.41) equals

1

8m2x(M) — Z/ |W|? vol,
M4

i.e., is a linear combination of the topological invariant x(M) and the conformal
invariant W.

The relation (1.2.43) also implies that the total integral of the curvature
quantity J? — |P|? is conformally invariant (in dimension 4). Viaclovsky [V00]
discovered that in dimension n # 4, the corresponding integral defines a functional
with an interesting Euler-Lagrange equation. Thus, we consider the functional

V= /M(ﬁ —|P[*)vol / </M vol) - (1.2.45)

on closed Riemannian manifolds M™ of dimension n > 3.
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Theorem 1.2.9. For n # 4 and a fized metric g, the conformal variations
(d/dt)lo (Va(e**#g))
vanish for all p € C°°(M) iff for the metric g the quantity
2 —|P)? (1.2.46)

is constant.

Proof. The transformation rules (1.2.15) and (1.2.16) imply that the functional
V§ = [,,(J% = |P|?) vol satisfies

Vi(e*?g) = / eVt (J2 P2 — 2tJAp + 2t(P, Hess(p))) vol(g),
M
up to terms which are at least quadratic in ¢. Thus, we find the variational formula
(d/dt)|o(Vi (e*g))

= (n—1) /M p(J2 — [P2) vol(g) +2 /N (=g -+ (P. Hess(i)) vol(g).

By partial integration, the second integral equals
| (@ap) - 6P dg)vol (1.2.47)
M

where the divergence §(P) € Q(M) is defined by >, V;(P)(e;, -). Now the relation
0(P) = dJ shows that the integral (1.2.47) vanishes. Hence

(d/dt)o(Va(e*g))

—(n-1) [ o= PRyvolls)/ ( [ voilo))

and it follows that the conformal variation vanishes iff

2 PP wol(o) (P YOl9)
/M@(J2—|P|2)Vol(g)7/M(J2 [P|?) v 1(9)( }”Mvol(g) )

The proof is complete. ([l

n

—(n—4)V4(g) ( [ vol(g)
M

One can regard P as an endomorphism of T'M by setting
9(P(X),Y) =P(X,Y), X,Y € X(M).

This endomorphism induces an endomorphism A%(P) of the bundle A%2(T'M). In

these terms, we have
J2—|P|? = 2tr A%(P). (1.2.48)
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The latter identity follows by applying the obvious algebraic relation (3, 7;)? —
Siri =23 ; Tixj to the eigenvalues of the endomorphism P. The interpretation

(1.2.48) of J? —|P|? suggests to consider the more general quantities o, = tr AP(P)
and the associated functionals

Vzpz/ tr AP(P) vol.
M

This idea has led to a substantial literature in conformal geometric analysis. For
a recent review see [V06]. For locally conformally flat metrics, the quantities o,
are closely connected to the holographic coefficients va; of Definition 1.5.1:

op = (—2)Pvgy.

For general metrics, the holographic coefficients give rise to a class of new inter-
esting variational problems [CFO08].
The identity

1
/ Q4vol+—/ |W/|? vol = 872y (M*)
M4 4 M4

relates three global conformal invariants. The relative size of these invariants can
be used to characterize some conformal metrics. The following theorem is a re-
markable result in this direction. Let

2

virg) = jnf ([ sy /([ voi@) |

be the Yamabe constant.

Theorem 1.2.10 ([CGYO03]). Let (M,g) be a closed four-manifold with positive
Yamabe constant Y (M, g). If

/Q4 ) vol(g /|W 2 vol(g),

then M is diffeomorphic to the round sphere S* or the real projective space RP*.
If M is not diffeomorphic to these spaces and

Q4(g) vol(g / |W(g)|?vol(g),
M
then M is conformally equivalent to CP? with the Fubini-Study metric or a quo-
tient T\ (93 x S*) with the product metric.

For more information on the interactions of partial differential equations with
conformal geometry see [CY02], [C05] and [Gu09].
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1.3 GJMS-operators and Branson’s ()-curvatures

On general manifolds, the pairs (Ps,Q2) and (Py, Q4) considered in Section 1.2
are only the first two elements in a sequence of higher-order constructions. The
relevant high-order operators were constructed in the celebrated work [GIMS92].
It is common to refer to these operators as the GJMS-operators. Shortly after
[GIMS92] Branson [Br93] used the GJMS-operators to construct a sequence of
higher-order analogs of Q2 and (4. Now these curvature quantities are called
Branson’s Q-curvatures.

In the present section, we describe the basic constructions of GJMS-operators
and Branson’s Q)-curvatures.

We start with the description of the conformally covariant powers of the
Laplacian. As in Section 1.2, we shall use the convention that —A > 0. The
following result extends the construction of the operators P, and Py in Section
1.2.

Theorem 1.3.1. Let the natural numbers n > 3 and N > 1 be subject to the
condition 1 < N < n/2 if n is even. Then on any Riemannian manifold (M, g)
of dimension n, there exists a natural differential operator Py on C*° (M) of the

form
Pin(g) =AY + LOT (1.3.1)

so that
eGGTN? o Py (e2g) 0 e (E™NY = Pyn(g) (1.3:2)

for all ¢ € C(M). On the flat space (R",g.), the operator Poy is AY.

Theorem 1.3.1 extends to the case of metrics of arbitrary signature. The
operators in Theorem 1.3.1 will be referred to as the GJMS-operators. For even n,
P,, will be called the critical GIMS-operator, and Pon for 2N < n are called sub-
critical. In these terms, the Yamabe and Paneitz operators are critical for surfaces
and four-manifolds, respectively.

Before we outline the idea of the proof of Theorem 1.3.1, we add a series
of comments. In Theorem 1.3.1, the property of being natural means that the
operators are given by universal formulas in the metric g, its inverse, the Levi-
Civita connection and the curvature of g using tensor product and contraction.
Thus to give a natural operator means to give a rule which associates an operator
to any manifold with a metric.

As formulated, Theorem 1.3.1 is an existence result. Its proof actually estab-
lishes the existence of the operators P,y through a construction. This also offers
the possibility to derive explicit formulas, at least in principle. In fact, finding
explicit formulas for GJMS-operators is a challenge. It also involves finding the
most natural form to state the results. For recent progress in this direction we
refer to [J09a]. The problem will be touched again in Section 1.6.

The GJMS-operators arise by adding geometrically defined lower-order terms
to corresponding powers of the Laplacian. By this reason, it is also natural to
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refer to them as conformally covariant powers of the Laplacian. On the other
hand, Theorem 1.3.1 leaves open the question of determining the structure of
all conformally covariant powers of the Laplacian. In fact, they are not uniquely
determined by the requirements in Theorem 1.3.1. As an easy example we note
that, for any constant a, the operator

Py + a|W|2

has the same properties as Pj.

On manifolds of odd dimensions, Theorem 1.3.1 yields an infinite sequence of
operators Py, Py, Ps, . ... However, on manifolds of even dimension, Theorem 1.3.1
yields only a finite sequence which terminates at the critical operator. In the proof,
the restriction to the range 2N < n is caused by the obstructed smoothness of the
Fefferman-Graham ambient metric. On the other hand, there is no conformally
covariant power of the Laplacian, the order of which exceeds the (even) dimension
of the underlying space. For cubes on four manifolds this was proved in [G92]. For
the general case see [GHO4].

Under additional restrictions on the conformal classes, the obstructions may
vanish. In such cases, the construction of [GJMS92] yields operators in the range
2N > n.

Now we outline the main ideas of the proof of Theorem 1.3.1. For a given
Riemannian manifold (M, g) of dimension n, we consider the ray bundle

Gu = {(x,tgs), t >0} C S?°T*M

with the canonical projection 7 : Gy — M. Sections of Gy, are metrics in the
conformal class [g]. Gar should be regarded as a substitute of the upper light-cone

= {(w0,2') € RO [b() = 0, 29 > 0}

with the projection Ct 3 (zo,2') — 2//z9 € S™ together with the round metric
ge on S™. In this case, we identify (z¢,2’) € C* with (y,23(gc)y) € Gsn, where
y =z’ /zo. A natural RT-action on the space Gy is defined by

s 1 (z,tg,) — (z,5%tg,), s > 0.

It substitutes the R*-action x — sz on CT. §, gives rise to a notion of homoge-
neous functions on Gys. More precisely, for A € C, we define

Em(N) = {u € C®(Gu) | 8% (u) = s*u, se RT}. (1.3.3)

More geometrically, elements of £37(\) can be identified with sections of the line
bundle £, on M which is associated to the RT-bundle G»; by the character st of
R™. The choice of a metric in the conformal class [g] induces a trivialization of £y
and an isomorphism

Ty(\) : C®°(M) — Ep(N),  u— v(z,tge) = M u(z).
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It follows that
Tooeg(N) = Ty(N) 0 e *%. (1.3.4)

Next, there is a tautological symmetric bilinear form g on T(Gys) so that §%(g) =
s?g. It substitutes the restriction of the Lorentzian metric on R1"*1 to CT. g is
defined by

8atge) Yo Z) = (tga)(m(Y), 7 (2)) for Y, Z € Tiy14.)(Grr). (1.3.5)

Now, Fefferman and Graham [FG85] discovered a natural substitute of the Lorentz-
ian metric on RL"*1 in the general setting. In fact, on the thickening

Gu =Gu x (—1,1)
of Gy, we consider metrics § of signature (1,n + 1) with the properties
°i"(7) =8
* 01(9) = 5°3,
e Ric(g) = 0 along G-

Herei: Gy — C:'M denotes the embedding m — (m,0) and the R -action Ss nat-
urally extends &5. Note that these properties are preserved under R*-equivariant
diffeomorphisms which restrict to the identity on G;. The third condition requires
some additional comments. If the dimension of M is odd, there are metrics g for
which the Ricci tensor vanishes of infinite order on G,;. Moreover, these conditions
uniquely determine g, up to diffeomorphisms which restrict to the identity on Gy;.
For even dimension n of M, the situation is more complicated. In this case, it
is possible to satisfy the vanishing of Ric(g) on Gas up to order § — 1 (for the
tangential components). Moreover, up to the addition of terms which vanish of
order 5 and up to R*-equivariant diffeomorphisms, the metric § is uniquely de-
termined. The existence of § with Ric(g) vanishing to order & is obstructed by the
Fefferman-Graham obstruction tensor. The metrics g are called Fefferman-Graham
ambient metrics. The full details of these constructions are given in [FGO7].

Now the GJMS-operators Py are derived from the powers of the Laplacian
of the ambient metric as follows. First of all, for all A € C, the operator Aév
induces an operator

AY (N = Eu(A—2N)

on Ss—homogeneous functions on Gpr. Now the key observation is that for A =
—45 + N, the operator Ajgv descends to an operator on homogeneous functions on
G- More precisely, the composition

Pon : Enr (—g + N) > u 2N g AN (@) € Enr (—g - N)

is well-defined, i.e., does not depend on the choice of the extension @ of u into
a neighbourhood of Gy; in Gy;. By the uniqueness of g up to diffeomorphisms
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which fix Gy, the resulting operator Pon does not depend on the choice of the
ambient metric. Finally, by composition with the isomorphisms T, (\), Pon induces
operators

Pan(g) : C(M) — C* (M),

and (1.3.4) implies that these operators satisfy the relations

PgN(ez‘pg) — (2 N)¥ g Pyn(g) o e~ (=5+N)p.

This completes the proof.
Now let n be even and Py (2N < n) as in Theorem 1.3.1. Then Branson
[Br93], [Br95] showed that P is of the form

Py = 6Son_od + (—1)N (g — N) Q2N (1.3.6)
for a natural differential operator Soy_o : Q*(M) — QY(M) and a local scalar
Riemannian invariant Q. In particular, the critical GJMS-operator P, has van-
ishing constant term. Hence (1.3.6) defines Qo only if 2N < n. A closer analysis
of the construction of P,y shows that (Qon is a rational function in n without
a pole in n = 2N. Thus, @, is well-defined, too. The formulas for @4 given in
Section 1.2 may serve as an illustration.

The scalar Riemannian curvature invariants Qo are of order 2N i.e., their
definition involves 2N derivatives of the metric.

Definition 1.3.1 (Q-curvature). On manifolds of even dimension n, the scalar Rie-
mannian curvature invariants Qon, 2N < n are called Branson’s Q-curvatures.
Moreover, the quantity @, is called the critical Q-curvature, and the Q-curvatures
@2, ...,Qn,_o are called subcritical.

Similarly, for odd n, the constant terms of the GJMS-operators give rise to
an infinite sequence Q2, @4, Qs, - .. of Q-curvatures. In the following, we shall be
interested mostly in manifolds of even dimension.

The critical GJMS-operators and the critical @Q-curvatures play a distin-
guished role. In fact, similarly as for n = 2 and n = 4, the critical GJMS-operators
govern the conformal transformation laws of the critical @-curvatures. The follow-
ing result extends (1.2.12) and Theorem 1.2.1.

Theorem 1.3.2 (The fundamental identity). On Riemannian manifolds (M, g) of
even dimension n,

" Qn(e*?9) = Qu(g) + (=1)% Pu(g)(p)- (1.3.7)
Proof. Under the assumption 2N < n, we apply (1.3.2) to the function

u=elz=N¢

!Branson used the opposite sign convention for the Laplacian. The sign (—1)Y in (1.3.6)
guarantees that we get the same Qan.
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We find
EHNL Py (e229)(1) = Pan(g)(e577%).

Hence

<ﬁ _ N) e(%ﬂ\’)szN(e%og)

2
= ()" Pin(g) (3% = 1) + (5 = V) V9 Qun(g).
Now we divide the latter equation by (5 — N) and set n = 2N. This gives

e Qu(e*?g) = (=1)2 PY(9)(¢) + Qn(9) = (=1)% Pu(9)(¢) + Qu(9)-
The proof is complete. a

The argument in this proof is often referred to as “analytic continuation in
dimension”.

As in dimensions n = 2 and n = 4, the fundamental identity has the following
consequence.

Theorem 1.3.3. On a closed manifold M of even dimension n, the functional
To(g) = | @nlg)vol(g)
M’VL

is conformally invariant, i.e.,
To(e*%g) =To(g) forall @€ C>®(M).

Proof. The fundamental identity (Theorem 1.3.2) yields

Tu(e*g) = /M " Qn(e*?g) vol(g) = /M [@n(9) + (=1)% Pu(9)(¢)] vol(g).

Now

y Pr(g)(p) vol(g) = /M dSdpvol(g) =0

by (1.3.6). Hence
T (e*%9) = Tu(g)-

The proof is complete. O

Remark 1.3.1. Combining P, (1) = 0 with the fact that P, is formally self-adjoint,
yields a version of the above proof. The self-adjointness of GJMS-operators nat-
urally follows from their role as residues of a scattering operator. This will be
discussed in Section 1.4.
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The total integral of the critical Q-curvature is an example of a conformally
invariant scalar-valued functional. Other sources of such functionals are the total
integrals of certain heat coefficients of conformally covariant differential operators
and the integral

[ wtvolg)

of the holographic anomaly v, of the renormalized volume of Poincaré-Einstein
metrics. For the definitions of these concepts we refer to Section 1.5 (see (1.5.5)). It
is a natural problem to ask for the structure of those scalar Riemannian invariants
the integrals of which define such functionals. The problem was raised and an-
swered in [DS93]. In fact, Deser and Schwimmer proposed a classification of such
invariants. Although this classification is widely used in the physical literature,
only recently Alexakis established a rigorous proof of the following decomposition
in a series of remarkable works [A06a], [A06b] and [A0T].

Theorem 1.3.4. Let I(g) be a scalar Riemannian invariant of even weight —n with
the property that, on any closed manifold M of dimension n, the integral

/H@M@
M

is conformally invariant. Then, I(g) is a linear combination of the Chern-Gauf-
Bonnet integrand, a local conformal invariant of weight —n and the divergence
§(w) of a natural one-form w.

Here local conformal invariants of weight —n are scalar Riemannian invariants
W (g) with the property e™?W (e2%g) = W (g) for all o € C>°(M).
In connection with Theorem 1.3.4 we also mention [BGP95]

Theorem 1.3.5. The total Q-curvature of locally conformally flat metrics is a mul-
tiple of the Fuler characteristic of M.

The latter result motivates us to ask for an explicit decomposition of Q,, as
the sum of a multiple of the Chern-Gau-Bonnet integrand and a divergence. In
Section 1.5, we shall describe such a decomposition which implies Theorem 1.3.5
(see Corollary 1.5.3).

Problem 1.3.1. What is the geometric significance of Q-curvatures? In particular,
study the consequences of the existence of metrics with specific Q-curvatures and
specific T,.

Next, we make explicit the concepts of GJMS-operators and Q-curvatures in
the conformally flat case of the round spheres. This will also prepare the identi-
fication of GJMS-operators and critical Q-curvature in the scattering operator in
Section 1.4.

On the round sphere S™, the conformal covariance of Py leads to an inter-
pretation of Py as an intertwining operator for spherical principal series repre-
sentations of G"T1 = SO(1,n + 1)°. In fact, we recall from Section 1.1, that any
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g € G acts on S™ by a conformal diffeomorphism, i.e.,

9+(9c) = ®jgc (1.3.8)

for a nowhere vanishing ®, € C*°(S™). Here g, = (¢*) ™! denotes the push-forward
induced by g. The conformal factor ®, can be given in terms of the matrix g:

@g(x):m for g:(; fx)

(1.3.8) yields the relation

Dgig, = (92)(Pg, ) Dy, (1.3.9)

For the conformal changes g. — q)ggc, (1.3.2) implies that
—2_N 2N
D, o Pon(ge) o @2 = Pon(g+(9c))- (1.3.10)
Now we have
Pan(g+(9¢)) = g« © Pan(ge) 0 g°
by the naturality of Psx. Therefore, (1.3.10) can be written in the form

_n_ N n_ N «
D, 2 OPQN(QC)O(I)QZ =g+«o Pan(gc) 09",
ie.,
n_ N ny N
Pon(ge) o (@; g*> _ (@;* g*) o Pan(ge). (1.3.11)

(1.3.9) shows that for any A € C the map
g )0,

is a homomorphism G — End(C*(5™)), i.e., a representation of G. In these terms,
(1.3.11) can be interpreted as the intertwining relation

Pin(ge) om—nyn(g) =m-n_n(9) o Pan(gc), 9 €G. (1.3.12)

In representation theory, 7y is known as the spherical principal series rep-
resentation. More precisely, using S™ = G/P, m) can be seen as the compact
realization of an induced representation from a parabolic subgroup P. Here, ) is
called spherical since its restriction to the maximal compact subgroup SO(n + 1)
leaves invariant the constant function.

Now, for generic A € C, the space Homg (my, m—\—y, ) of intertwining operators
is one-dimensional. In fact, Branson [Br95] showed that

A,\—F<B+)\+nTH>/F<B—>\—n_1> (1.3.13)

2
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n—1\>

is such an operator. Here I' denotes Euler’s Gamma function. We recall that

F(s):/ et at
0

for Re(s) > 0. I' admits a meromorphic continuation to C with simple poles
ins=-n,n=0,1,2,... with residues (—1)"/nl. The idea of the proof of the
intertwining property of A, is the following. The restriction of 7y to K = SO(n+1)
does not depend on A. Hence, by Schur’s lemma, any intertwining operator is scalar
on K-types (spherical harmonics). The analysis of the intertwining property in
terms of the K-type decomposition yields the matrix coefficient

L+ A+n)/T({H—A)

with

on the space of spherical harmonics of order j, 7 > 0. Now (1.3.13) follows from
the fact that —Agn has the eigenvalues j(n — 1+ j).
For A = —% + N with N > 1, (1.3.13) yields the operator

nyN-1
A_pin=(B+N-1/2)--(B-N+1/2) = [ (-Asn+j(n—1—j)). (1.3.14)
=%
Thus, we find
Theorem 1.3.6. On the round sphere S™ of dimension n > 2,

2yN-1
Py = H (Asn —j(n—1-j)) (1.3.15)
=%
and
n N n n
Qv =1 [] (5 —j) (5 +j) (1.3.16)
j=1

for all N > 1. In particular, Q, = (n — 1).

The following alternative formula for the intertwining operator for spherical
principal series will be central in connection with the relation between GJMS-

operators and scattering theory. For Re(\) < —%, we define the integral operator

I (u)() = / %d% (1.3.17)

where | - | denotes the Euclidean distance and dy is the rotation invariant measure
which gives S™ the volume 1.
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Proposition 1.3.1. For Re(\) < —%, the operator I satisfies
Iyoma(g) =m—r—n(g) oI, g €G. (1.3.18)
Proof. The result is a consequence of the identity ([Ni89], equation (1.3.2))
97 (@) = g7 WP = Dy(2) By (y)lx — yl*. (1.3.19)

In fact, the assertion is equivalent to

[ B, [ S

o —y POt YT o g T (@) — yp0m @

for all uw € C°°(S™). Under the substitution y +— g(y), we have g.(dy) = ®}dy,
and the left-hand side transforms into

/ g (@, ) (y)uly)

|z — g(y) [P+

dy.

But (1.3.19) implies
97 (@) = yI* = @y(2)g™ (Dg) (y)lz — g(y)|*.
This relation shows that the integrand equals

ot (z)u(y)
lg=1(z) —y[2A+m)”

The proof is complete. i
Note that (1.3.19) implies the well-known invariance
l9(2), 9(¥), 9(2), g(w)] = [2,, 2, w]

of the cross-ratio
|z — 2] ly — w|

[z,y,z,w] = )
|z —w| |y — 2|

Next, we relate I, to Branson’s formula A. It suffices to determine how both
intertwining operators act on the constant function « = 1. On the one hand, we

have
A1) = Fé%xl)

For Re()\) < —%, the intertwining property (1.3.18) shows that I)(1) is a constant
function on S™. Thus, it is enough to calculate Ix(1) at (1,0,...,0) € S™. This
value is given by

1 _ Wp—1 [T (sin@)"!
gy =2 Otmnl / 1.3.2
/Sn (2 = 2y dy wn, Jo (1 —cos@)An 49, (1.3:20)
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where w,, denotes the volume of S™. Now we calculate

TGO L gnex /“/2 o
/o (1—(;0s6)kam_2 ) (sin®) (cos@)"~1dh

__on—X—1 27 E _ nf)\flr(% — /\)F(%)
=2 B(2 >\’2)72 I(n—X)
In particular,
w T gy LPEI(E)
= [ (sin@)"'dg =2""t -2 2~ 1.3.21
Wn_1 /0 ( ) I'(n) ( )
Hence I, (1) equals
g~ @n 1 DEITEE =N o oagan TD(5 —A) (1.3.22)
wn TN NENEY
It follows that
a()\)A,\ = I)\ (1323)
if .
a(}\)l"()\ +n) _ 5 (2rt20) F(n)i‘(—§ - )
NG| L(5)(=A)
ie.,

(=3 -MI(n

P(A+n) (%)

a(}\) _ 27(2)\+2n)

The relation (1.3.23) shows that the family I admits a meromorphic continuation
to C with simple poles at

n
)\e{—§+N, N:o,1,2,...},

and that the residues of I at A = —g + N, N > 1 are constant multiples of the
GJMS-operators Pon(gc). More precisely, (1.3.14) and (1.3.23) yield the following
result.

Proposition 1.3.2. For any N > 1,

ReS,%JrN(I)\) = CNPQN(QC) (1324)
with N "
n
N = — (-1) a39 2N-1 FT(LT) )
N! I'(3+N)

The intertwining relation (1.3.18) holds true as an identity of meromorphic
families of operators. In particular, the intertwining property (1.3.12) is a conse-
quence of Lemma 1.3.2.
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Expanding I, into spherical harmonics and reading off residues leads to an
alternative proof of the residue formula (1.3.24) (see [Be93]).

The GJMS-operators on general manifolds are much more complicated. How-
ever, for Einstein metrics the situation is similar as on the round spheres. In fact,
Gover proved the following extension of Theorem 1.3.6,

Theorem 1.3.7 ([GO06]). On Einstein manifolds (M, g) of dimension n > 2,

14N-1

Pn(g) = ] (Ag - MT(g)> , N >1. (1.3.25)

-1
2 n(n—1)

In particular, for even n, the critical Q-curvature is given by

@n(g) = (n—1)! (ﬂ> : . (1.3.26)

n(n—1)

The intertwining operator I on C°°(S™) can be regarded as the geometric
scattering operator of the Poincaré-metric on the unit ball B"*! with the (confor-
mal) boundary S™. This extrinsic perspective towards I resembles the extrinsic
type of construction of GJMS-operators. In fact, in Section 1.4 we shall describe
the profound relations between both.

1.4 Scattering theory

In the present section, we describe GJMS-operators and critical Q)-curvature of a
manifold of even dimension in terms of geometric scattering theory [Me95] of the
Laplacian of the Poincaré-metric g+ (an Einstein metric with negative cosmological
constant) on a space of one more dimension.

The results extend the relation between GJMS-operators of the round sphere
and the scattering operator of the Laplacian of the ball model of hyperbolic space.

We start with a description of I on the sphere as the scattering operator of
the hyperbolic unit ball. For this purpose, we consider the ball

B"t = {z e R"" | |z] < 1}
with the metric
_ 2 2
an = m(diﬂl + . +d$n+1).
Moreover, we consider eigenfunctions u € C°°(B"*1) of the Laplacian Ay:

—Apu = An — A)u. (1.4.1)

By the invariance of the Laplacian with respect to isometries, the space of solutions
of (1.4.1) is an SO(1, n)°-module. In fact, for generic A, this module is isomorphic
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to the hyperfunction globalization of a spherical principal series [Sch85]. More-
over, the isomorphisms are provided by Helgason’s Poisson transforms [HO8]. This
means, that, for generic A, any eigenfunction w is the Poisson-transform P (w)
of a hyperfunction w € A’(S™), and the Poisson-transforms P, intertwine push-
forward on functions on the ball with spherical principal series representations. It
is natural to think of w as a “boundary value” of u. Thus, there is an equivariant
way to associate “boundary values” to eigenfunctions. In fact, for any generic A,
there are actually two such ways by using either Py or P,_,. In other words, any
eigenfunction has two natural boundary values. The linear operator which relates
these boundary values is the geometric scattering operator. By the equivariance
of the Poisson-transforms, the scattering operator is an intertwining operator for
spherical principal series, i.e., a multiple of Iy.

Now we make the above picture more explicit. Helgason’s Poisson transform
Py is defined by the kernel

1—|af?

A
P(z,y) = ( ) ,xeB T ye s,

Then, for generic A, the solutions u of (1.4.1) admit a representation

u(w) = Pr@)@) = [ Plag) o)y (142
For hyperfunctions (or distributions) w, the integral, of course, is to be understood

as the pairing
<P(x7 '))\,W(')> :

It is well-defined for real-analytic w since the kernel P* is real-analytic in the
boundary variable y. For n = 1 and A = 1, the representation formula (1.4.2)
specializes to the familiar representation

1— o
U(CE) - /Sl |$ _ y|2w(y)dy
of harmonic functions for the Euclidean metric; recall that in dimension n = 2 the
conformal covariance of the Laplacian implies that the two notions of harmonic
functions with respect to the hyperbolic and the Euclidean metric coincide.

The Poisson-transforms map (generalized) functions on the sphere to eigen-
functions of the Laplacian on the ball. The result that all eigenfunctions are
Poisson-transforms is a consequence of the existence of asymptotic developments
of eigenfunctions near the boundary such that the boundary values can be read
off from the leading terms of the developments.

In the following, we shall restrict attention to eigenfunctions with smooth
boundary values. In terms of polar coordinates x = ry with 0 <r < 1 and y € S™,
these have asymptotic expansions of the form

u(ry) ~ S (L= Nayy) + S (1 =)Moy (A y), r— 1. (1.4.3)

N>0 N>0



1.4. Scattering theory 33

The coefficients in the expansion (1.4.3) form two sequences
ag,a1,as,... and bg,b1,bo,...

of smooth function on S™. The basic structural properties of (1.4.3) are the fol-
lowing.

e u is determined by one of the leading coefficients ag or by. These are (multi-
ples) of the boundary values of u.

e ag = S(N\)(bg), where S()) is the geometric scattering operator.

e The coefficients ay, by are given by two sequences of rational families of
differential operators acting on the respective terms aq, bg.

e Although the individual coefficients an(A;-), by (A, ) are only rational, the
poles cancel in the sum.

We shall not go into the formalities of the theory. These can be found in
[HO8]. Instead, we shall illustrate these features in terms of sufficiently suggestive
special cases. We consider the rotation-invariant eigenfunction u on B? which is
given by

27
u(r) =Pr(1)(r)=(1— 7“2))‘%/0 (r* — 2rcos + 1)7Ad9, r<1.

u can be written in terms of Gaufi’s hypergeometric functions [BE53] as
u(r) = (1=r)*FO\ A 15r%), (1.4.4)

where

(a)n(b)n z"
P ) < 1.

F(a,b;c;x) = Z

>0 (©)n
For the proof of (1.4.4), we write
(r? — 2rcosf + 1)_’\ =(1- rew)_)‘l - re_w)_’\
and decompose the right-hand side as
()‘)j j_ij6 (M k_ik6
> i ) (3 B
§>0 k>0

Then (1.4.4) follows by direct calculation. In order to find the asymptotic expan-
sion of u for r — 1, we apply the identity ([BE53], 2.10, (1))

F(a,b;c;r) = AF(a,byja+b—c+1;1—1)
+B(A—7) """ F(c—a,c—bjc—a—b+1;1—71) (1.4.5)
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with
I(e)'(c—a—10) and B — L(e)T'(a+b—c) '

A= I(c—a)l(c—b) T'(a)L(b)

We find
FANLr) = ANFEA 201 —7)
+BA)A =) FA -1 = N2 -201—7)
with

F@2x-1) _ W—%QQA—QFO‘ — %)

AN =B(1-)) and B(\) = T — 0y

Now the power series expansion of F' yields the desired expansion of u. For the
leading terms we find

ao(\) = A(\) = B(1—X) and by(\) = B(\).

Using (1.3.22), we write this result in the form

ag(A) = In—1(1) and  bo(A) = e(A), (1.4.6)
where M- 1)
c(\) = 72222 F()\)2

More generally, for any w € C*°(S1), one of the leading terms of the asymptotic
expansion of the eigenfunction Py (w) € C*°(B?) is of the form

Now the Poisson transform Py satisfies the intertwining relations
gx OP,\ :P)\OW)\71(Q). (1.4.7)
(1.4.7) is a consequence of the identity

P(g-0,y) = g«(vol(gc))/ vol(gc). (1.4.8)

In order to prove (1.4.8), we first note that, for g = (;)it j) (1.1.7) implies

g+(vol(ge))/ vol(ge) =1/(d — (b,y)), y € S*.

On the other hand, g-0 =0b/(1 4 d) by (1.1.9). Hence

L g0 (1t d)?— P
P . = =
-0 = 170y ot dyP
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and an easy calculation using d — |b|? = 1 proves the assertion.
(1.4.7) implies that the composition

Pyt oPy: C®(SH) — C°(Sh)
is an intertwining operator in Homg (7ma—1,7—)). Hence the other leading term in
the asymptotic expansion of Py (w) is a multiple

K(AN)Ix-1(w)

of In_1(w). In particular, for w = 1, it yields x(A\)Iy—-1(1). Hence the first relation
in (1.4.6) implies k(\) = 1.
Now we define the geometric scattering operator S(A) by the relation

ao = SO\ (bo) (1.4.9)

of the leading terms in the asymptotic expansions of eigenfunctions of the Lapla-
cian. The definition immediately implies that the scattering operator S(\) satisfied
the functional equation

S(A)o8S(1 -\ =1. (1.4.10)
Using S(A\)(¢(N\)) = In—1(1), we obtain
I
SO\ = o (1.4.11)

This relation shows that S(\) has simple poles in A = % +N,N>1.
Note that in terms of Iy and ¢()), the functional equation for S(A) reads

Ino10l_y =c(A)e(l = N).
Note also that, by (1.3.23), the relation (1.4.11) is equivalent to

S()\) — 22(172A) EE

>
—

Ax_1.

> Nl

[l
N

The above results extend as follows to dimension n > 2. The SO(n + 1)-
invariant eigenfunction u = Py (1) € C°°(B"*1) is determined by u(r) = Px(1)(r),
r < 1. But

Wn,
:(1—r2)’\ Wn_1 F(% F(I%)F )\’/\_n—l;n—{—l;?ﬂ
wn ) T(2) 2 2
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by [BE53], 2.4, (9). Using (1.3.21) and Legendre’s duplication formula, we find

u(r) = (1 —rg))‘F( A=5 = ngl;ﬁ)- (1.4.12)

Now (1.4.5) shows that the leading terms of the expansion of u(r) into powers of
(1 —7?) are given by

I(*)0(n - 2))
T(2L — M — )

L3 2 02X = n)

(LA — 251)

+
= w‘_;’_

ao(/\) = and bo(/\) =

Note that by Legendre’s duplication formula

where

2 o 2

is known as Harish-Chandra’s c-function. Thus, the expansion of u has the form

u(r) = (LA =) 4 ) + (W1 =12 400),

and the scattering operator is given by

LM\ - 3)

c(\) = 722221 (1.4.13)

S(\) = 2=, (1.4.14)

Now Proposition 1.3.2 implies that S()) is a meromorphic family with simple poles
inA=35+N,N=1,2,.... A calculation yields the following explicit formula for
the residues.

Proposition 1.4.1. The residues of S(\) in 5 + N, N =1,2,... are given by the
formula

1

Resgon(SW) =~y —ymen

PN (4ge)- (1.4.15)

Tt is natural to express the right-hand side of (1.4.15) in terms of the operators
P, for the metric 4g,. since the conformal compactification

(1= |z*)*gn

of the hyperbolic metric g, pulls back to 4g. under S™ «— R"*!. This will become
clearer below.

Next, we analyze the structure of the coefficients ax and by for N > 1. The
main observation is that the sum

S = Nay(y)

N>0
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is a formal solution of
—Apu = An—Nu

if and only if the coefficients satisfy a recursive relation for the coefficients. In fact,
a routine calculation shows that

[(k + 1)(n—1—2X—k)]as1
- %[(/\+k)(n7172(>\+ k))ax + iAsn(ak,l +ootag), k>0, (1.4.16)

In particular, we find

1
a]; = 5/\&0

and

1

2T 8m_2-_2))

(Agn + AN+ 1)(n—3—2)) a0 = To(N)(ag).  (1.4.17)

We consider 753(\) as a meromorphic family of operators. (1.4.17) shows that T2())
has a simple pole in A = & — 1. More generally, the analogous operator 7oy ()
which yields azny (A) in terms of ag has a simple pole in A = § — N.

Now we observe that

Res; 1(BO) =~ (Bsn — (5 1) B) = ~Paldg).  (1419)

i.e., the residue of 73(\) at A = § —1 yields the Yamabe operator of (S™,4g.). The
conceptual explanation of this observation is as follows. We consider the asymptotic
expansion

u(ry) ~ > (L= a;(A\y)+ Y (1—r)" b\ y), y € S”
j=0 i>0

of an eigenfunction u = Py(f) with f € C>®(S™) (see (1.4.3)). The coeflicients
a;(A,-) € C°(S™) and b;(A,-) € C°>°(S™) in the expansion are rational in A. On
the other hand, u is holomorphic in A. Thus, the residues of the expansion vanish.
In particular, for an eigenfunction with boundary value by, we have ag = S(\)(bg)
and the residue

Resz 11(S(A)(bo)) + Resz 1(T2(n — A)(bo)) (1.4.19)
vanishes. Now Proposition 1.4.1 implies the formula
1
Resy11(T2(n — A)) = ;2 (4gc),

i.e.

Resy 1(T(V) = — Pa(dge).
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Similarly, Proposition 1.4.1 yields the relations

1

Resz_n(Ton (V) = _WPZN(4QC) (1.4.20)
for all N > 1.

As noted above, the metric 4g. on the right-hand side of (1.4.20) is to be

interpreted as the pull-back to S™ of the conformal compactification
(1—|z[*)?gn (1.4.21)

of the hyperbolic metric gj. Other conformal compactifications lead to analogs of
(1.4.20). Next, we describe one of these which later will be of particular importance
in a much broader context. The metric

e (1) (1.4.22)
gh = 1+r 9h 4.

is smooth up to the boundary S™ and

1

Z*(gh) = ZgSn.

We expand eigenfunctions in the form

ury) ~ (;:)“NQN(A,@ s (1;:)M+N by (0, 1)

N>0 N>0

for y € S™, r — 1. In view of

1|z _ o~ d(.0)
1+ |z

)

where d denotes the hyperbolic distance, we can write the expansion also in the
form

u((tanhr)y) ~ Z e TN\ y) + Z e~ =M N (N y), T — oo
N>0 N>0

This form of radial asymptotic expansions is naturally adapted to the Cartan
decomposition G = K AT K [H08] and therefore widely used in harmonic analysis.

Now the substitution 1
-7

8_1—|-T

yields
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and the conformal compactification (1.4.22) reads

G = a0, — ds? + 1—s2\° *d2+1 s? Jr34 (1.4.23)
gh = 5 gn = as B) gsn = as 495n 5 gsn 1 gsm. =2
The formal expansion
S Nan(y) + Y sm Vv (N y), s — 0 (1.4.24)

N>0 N>0

of an eigenfunction has the property that the coefficients @oqq and boqq vanish.
Moreover, in a formal calculation, the leading coefficients ag and by are free, and all
higher coefficients are determined by certain rational families of linear differential
operators acting on the leading coefficients. Moreover, for genuine eigenfunctions,
o and by are related by a scattering operator:

ag = S()\)(bo) (1425)
Now explicit calculations yield
_ 1 = _
GQ(A) = m(4ASn - ZAN)(GO) = TQ(A)(G/()) (1426)

(and a similar formula for by()\)). The latter formula shows that

Ress 1(T())) = — (Asn - g (g - 1)) — _Py(S", g.)

ie.,

RGS%,l(TQ()\)) = —EPQ(Sn,gC/Zl).

This relation is the analog of (1.4.18).
The scattering operators S(A) and S(A), which relate the respective leading
terms in the expansions (1.4.3) and (1.4.24) of an eigenfunction, are conjugate:

S(\) =2 0 §(N) 0 272N, (1.4.27)

It is natural to regard S(A) and S()\) as operators which are associated to the
respective metrics

1—r\?2 1 _
i*((1—r*%gp) =4g9.=h and i << r) gh> zzgczh

1+7r

on S™. These are conformally equivalent: h = e*#h with e¥ = 272. In these terms,
(1.4.27) can be written in the form

S(h;\) = e 0 S(h; \) 0 ePN¢,
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Note that the consequence
Resz 41(S) =2""? o Resz 41(8) 027" 12

is equivalent to the relation Py(h) = 2”2 o Py(h) 0 272 which is a special case
of the conformal covariance of P». We omit the details concerning the analogous
observations for the residues of the scattering operators at A = & + N for N > 2.

The discussion shows that the residues of scattering operators yield GJMS-
operators Py for certain metrics in the conformal class of the round metric.
Moreover, we have seen that different choices of the asymptotic expansions are
reflected in the conformal covariance of the residues.

After these preparations, we continue with the description of results of Gra-
ham and Zworski [GZ03] which, roughly speaking, state that the relation between
GJMS-operators and residues of scattering operators on round spheres extends to
all Riemannian manifolds.

We start by defining the setting. The pair

(Bn-i-l’ Sn)

with the hyperbolic metric g, on the open ball B**! and the conformal class [g,]
of the round metric on S™ will be replaced by the pair

(Xn-l-l Mn)
consisting of the open interior X of a compact manifold X with boundary M with
a Poincaré-Einstein metric g4 on X and an induced conformal class [h] on M.

Definition 1.4.1. A metric g on X is called conformally compact if there exists a
defining function p € C*°(X) of the boundary M, ie, p >0on X, p=0on M
and dp # 0 on M, so that p?g extends to a smooth metric up to the boundary.

In the situation of Definition 1.4.1, the metrics g = p%g are called conformal
compactifications of g. Any conformal compactification induces a metric on M by

i*(p%9),

where i : M — X. A change of the defining function yields a metric in the same
conformal class on the boundary. The conformal class

c=[i*(p%g)]

is called the conformal infinity of g. The function |dp|£27 on M does not depend on
the choice of p. In fact, the value of \dp|§ at a point of M is the negative of the
asymptotic sectional curvature of g at this point. In particular, g is asymptotically
hyperbolic, i.e., the sectional curvatures approach —1, iff

|dplg =1 on M.



1.4. Scattering theory 41

Conversely, for a given asymptotically hyperbolic g with conformal infinity ¢ and
any choice of a metric h € ¢, there exists a unique defining function p € C*(X)
so that

|dp|izg = 1 near M (1.4.28)

and
i*(p*g) = h.
Here the idea is that (1.4.28) is valid not only on the boundary but in a neigh-

bourhood. Now using the gradient flow of p (with respect to the metric p%g) we
find coordinates so that g takes the normal form

g=p 2(dp* +h,) (1.4.29)

for a one-parameter family h, of metrics with hy = h.

In the following, we will be interested in special asymptotically hyperbolic
metrics: Poincaré-Einstein metrics. One of the main features of these metrics on
X is that, near the boundary M, they are determined by their conformal infinities
(at least to some extent). For more details concerning the following discussion we
refer to [FGO7].

Definition 1.4.2. A Poincaré-Einstein metric, or just Poincaré metric, for (M, c) is
a conformally compact metric g4 on X so that

1. g+ has conformal infinity c.
2. For odd n, Ric(g4+) + ng+ vanishes to infinite order along M.

3. For even n > 4,
Ric(g4) +ngs = O(p"?) (1.4.30)

and
trn(i* (p~ " P (Ric(g4) + ngy))) =0, h € c. (1.4.31)

Note that the hyperbolic metric on B**! is a Poincaré-Einstein metric with
conformal infinity given by the conformal class of the round metric.

The conditions in Definition 1.4.2 suffice to prove existence and uniqueness
(up to diffeomorphisms which fix the boundary) for even Poincaré metrics on
X = M x (0,¢). Full details are given in Chapter 4 of [FGO7]. Such results rest on
the local analysis of the condition (1.4.30). In fact, an analysis of this condition
for a metric of the form

gr =1 2(dr* + h,),

which is given by a one-parameter family h, of metrics such that hg = h, leads to
the following structural results.
The quality of the situation depends on the parity of the dimension n. For
odd n,
h,=h+ 7"2h(2) +---+ Tnilh(n_l) -I-T’nh(n) + - (1.4.32)

even powers
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The Taylor coefficients ha, ..., h(,—1) are determined inductively, and are given

by polynomial formulas in terms of h, its inverse, the curvature tensor of h and

its covariant derivatives. The term h(,) is trace-free but otherwise undetermined.

If h; is assumed to be even, then h(,) = 0 and all higher terms are determined.
Similarly, for even n,

h,=h+ r2h(2) + et r"fzh(n_g) +1" (h(n) + log rﬁ(n)) 4+ (1.4.33)

even powers

The Taylor coefficients ha, ..., h(,_2) are determined inductively, and are given
by polynomial formulas in terms of h, its inverse, the curvature tensor of h and
its covariant derivatives. The term ﬁ(n) and the quantity trh(,) are determined.
Moreover, h(,) is trace-free, and the trace-free part of h(,) is undetermined.

The following result describes the first two terms in these expansions.

Theorem 1.4.1. Let n > 3. Then, the first two terms in the Taylor expansion of
the Poincaré-Einstein metric r=2(dr? + h,.) with hg = h are

hey = —P,
1

m((n —4)P% - B).

hy =

Here P is the Schouten tensor of h, and
Bij = A(P)ij — Vij(P)ik + Plekijl (1.4.34)

generalizes the Bach tensor (1.2.20) to general dimensions.

Here we regard P also as an endomorphisms of T M, and identify its square
P2 with a symmetric bilinear form.

Now, spectral theory of the Laplacian of a Poincaré-Einstein metric g4 on X
naturally gives rise to a scattering operator

S(hy ) : C%(M) — C>(M).

We recall that the spectrum o(—A,) of the Laplacian of an asymptotically hyper-

bolic metric g is the union of a finite set of L-eigenvalues contained in (0, (%)?)

and an absolutely continuous spectrum [(%)?, 0o) of infinite multiplicity [MMS87].
The continuous spectrum gives rise to a scattering operator S(A) as follows. Let
Re(A) = 5 and A # 5. We consider solutions (generalized eigenfunctions) of the
equation

—Agu=An—Nu

which are of the form

uw=Fp"*+Gp with F,Ge C®(X). (1.4.35)
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The restrictions of F' and G to M are regarded as incoming and outgoing scattering
data, respectively, and the scattering operator is defined as

S(\) : Flas — Glar.

This yields a well-defined operator on C'°°(M) since for any given f € C°(M)
there exists a unique generalized eigenfunction u with (1.4.35) and F|p = f. In

fact, for Re(\) = §, A # 5, Graham and Zworski [GZ03] construct a family

P(A) : C°(M) — ker(Ag + A(n — \))

of operators with the desired properties. P(A) has a meromorphic continuation to
Re(A) > § with poles only for those A such that A(n — \) € o4.
The family P()) is a curved analog of Helgason’s Poisson transform.

Applying complex conjugation to (1.4.35) shows the functional equation

SN oSn—\) =1

for Re(\) = § so that A # 5. Moreover, S()) is unitary and regular on the line
Re(A) = §, and Schwarz reflection yields a meromorphic continuation to C which

satisfies

Sn—N)*"=8\)"!' and S\)oS(n—\) =1.

In particular, for real A,
SN =8(n—-N"1t=80). (1.4.36)

Obviously, S(\) depends on the choice of the defining function p. However,
in the setting of a Poincaré-Einstein metric with conformal infinity ¢, the choice
of a metric h € ¢, uniquely determines a defining function p, and we denote the
resulting scattering operator by S(h; A). The following conformal transformation
law is a direct consequence of the definitions.

Proposition 1.4.2. The scattering operator S(-; A) is conformally covariant in the
sense that

S(e2%h; \) = e 0 S(h; \) 0 (PN
for all p € C*°(M).
The following theorem is the main result of [GZ03].

n

Theorem 1.4.2. The scattering operator S(h; \) is meromorphic in Re(\) > 3.
Assume that for A = 5 + N with
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the value A(n—X) does not belong to the discrete spectrum oq of —Ag. Then S(h; X)
has a simple pole at A = 5 + N and

ReSngN(S(h;)\)) = 7CNP2N(}L) (1437)

with
1

NT BNNIN —1)!

Note that the conformal covariance of P5p is a consequence of the conformal
transformation law of & (Proposition 1.4.2).

Corollary 1.4.1. The GJMS-operators Pan are formally selfadjoint.
Proof. Combine (1.4.37) with (1.4.36). O

For even n, S(h; A) has a simple pole at A = n. Thus, for A near n, S(h; A)
has the form

S(h; A) = —ca ]:”(h) + So(h; \) (1.4.38)

—-n
with a holomorphic family So(h; A). But since P, (h) annihilates constants, we find
Resa(S(hi (1)) = —¢3 Pa(h)(1) = 0,

i.e., the function A — S(h; A\)(1) is regular at A = n. In particular, the quantity
S(h;n)(1) € C*°(M) is well-defined. Now the conformal transformation law of S
(Proposition 1.4.2) implies

S(h; \)(e"N?) = A2 S(e29h; M) (1).
We combine this relation with (1.4.38) and find

(n=XN)e
¢y lim P(h) <e X ) + So(h; n) (1) = €Sy (> h; ) (1).
—n n —

Hence
c3 Pa(h)() + So(h;n)(1) = €"So(e* ;) (1),

ie.,

cn Pp(h)(p) +S(h;n)(1) = e"?S(e*?h;n)(1). (1.4.39)

This relation resembles the fundamental identity (1.3.7). In fact, the following
result states that (1.4.39) and (1.3.7) are equivalent.

Theorem 1.4.3 ([GZ03]). For even n,

S(hin)(1) = (=1)%c2Qn(h). (1.4.40)



1.4. Scattering theory 45

Thus, the Laurent series of the scattering operator S(h;\) at A = n con-
tains the critical GJMS-operator P, (h) and the critical Q-curvature @, (h), and
the fundamental identity for the pair (P,, Q) is a consequence of the conformal
transformation law of S.

Next, we describe the consequences of these results for the families Ton (h; A)
which define the sequence ag, as, a4, ... by

agN(h;/\) = ’TQN(h;/\)(ao). (1441)

Proposition 1.4.3. For n > 3, the family Ton(h; \) has the form

1
Ton(h; \) = Py (A
an (k3 ) 2NNI(Z_X=1)---(2—A—N) 2 (73 2)
with a polynomial family Pan(h; \) such that
Moreover,
RQS%_N('TQN(h; /\)) = _CNPQN(h) (1.4.42)
and n
Poy (h; 2 - N) = Poy(h). (1.4.43)

Proof. We only describe the argument which yields (1.4.43) and (1.4.42). The
cancellation of poles in both ladders yields

Resz 4 n(S(h; A)) + Resz v (Ton(hsn— A)) =0
(see (1.4.19) for a special case). Hence
Resn_n(Tan(h;A)) = Resz N (S(h; A)).

Now Theorem 1.4.2 gives (1.4.42). On the other hand,
n
Resy (T (b V) = —enPon (i 5 = N).

This proves (1.4.43). O

In the following, it will be convenient to use the notation f (M) for the deriva-
tive of a holomorphic function f(A). The above results imply a description of the
critical Q-curvature @, (h) in terms of the family P, (h; A). This result will play a
central role in Section 1.5.

Proposition 1.4.4. For even n > 2,

Qn(h) = (_1)%Pn(h§ O)(l)'



46 Chapter 1. Q-curvature

Proof. The constant function u = 1 is harmonic (A = n) and has a trivial asymp-
totic expansion. Hence

lim 7;,(h; A)(1) = =S(hsn)(1).

But we have

by Theorem 1.4.3 and
To(h;n)(1) = —cz P,(h; 0)(1)

by Proposition 1.4.3. This proves the assertion. O
We illustrate Proposition 1.4.4 by two examples.

Example 1.4.1.
1

Ta(N) = m(A = AJ).
In particular,
n n

Example 1.4.2.
1
8(n—2—2X\)(n—4—2)\)
+ A2A—n+2)|P|* + 2(2A—n+2)6(P#d) + (2A—n+2)(dJ, d)].

T = (A~ (A +2))(A - )

In particular,
n n n
A(G-9-(a-3) (o (33
— (n — 4)|P|?u — 45(P#du) — 2(dJ, du).
A calculation shows that this operator coincides with
2 _ _ n_ 2 _q9p2_
A2 4 6((n — 2)Jg — 4P)#d + (2 2) <2J 2P| AJ) ,

i.e., with the Paneitz operator Py (see (1.2.28)).

1.5 Residue families and the holographic formula for (),

In the present section, we introduce and discuss some one-parameter families of
differential operators which will be called the residue families. The notation is
motivated by the fact that they naturally arise from a certain residue construction.
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Their relation to @Q-curvatures and GJMS-operators resembles the properties of
the scattering operator described in Section 1.4.

We emphasize that the discussion of the scattering operator in Section 1.4 ig-
nored most of its deeper spectral theoretical properties. In fact, we were interested
only in very rough information about its poles in 5 + N and certain related con-
structions. In particular, we completely ignored its global aspects, as the structure
of resonances (poles in Re(s) < %) and their relation to closed geodesics. With
some exaggeration, one could say that we broke a fly on the wheel.

The residue families are local in nature and are designed to investigate the
local structure of @-curvature and GJMS-operators. They have additional proper-
ties which allow us to uncover the recursive structure of Q)-curvatures and GJMS-
operators. They naturally depend on a metric and are conformally covariant in a
specific sense. Moreover, they are curved analogs of families of intertwining oper-
ators of principal series representations.

More precisely, for a given manifold (M, h) of dimension n, we define a se-
quence of families

S (hyA) s C°(M % [0,e)) — C*(M), N > 1.

For odd n, the sequence is unbounded, but for even n, the families are defined
only if 2N < n. The main features of these families are the following. They

e are determined by and depend naturally on a metric h on M,
e satisfy a conformal transformation law,
e satisfy recursive relations.

Moreover, the properties of the critical family are closely related to the so-called
holographic formula for the critical Q-curvature.

Let g+ = r=2(dr?+h,) be a Poincaré-Einstein metric with conformal infinity
[h], h = ho. For odd n, we assume that h, is even in r. For even n, the following
constructions will only depend on the terms hg, h(a), ..., hn—2) and trh,). We
recall that these are determined by h.

We start with the definition of the so-called holographic coefficients of h. Let
v(r) € C*°(M) be defined as the quotient

o(r) = chjl(&g) (1.5.1)

of volume forms. The Taylor series of v(r) has the form
v(r) =1 +var? +ogrt + - F o™ (1.5.2)

with coefficients vo; € C*°(M), j > 1. For convenience, we set vo = 1. For odd n,
h, is uniquely determined (if even in r) by h. Thus, we have an infinite sequence v
of coefficients which are completely determined by h. More precisely, vo; is given
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by a local formula which involves at most 2j derivatives of the metric. For even
n, the situation is more subtle. In this case, only the finite sequence wvs, ..., v, is
uniquely determined by h. This is obvious for vs, . . ., v,—3. Although the coefficient
vy, is influenced by h(,), which is not uniquely determined by h, v, is a well-
defined function of h since h(,) enters only through its uniquely determined trace.
Moreover, vy is given by a local formula which involves at most 2j derivatives of
the metric.

Definition 1.5.1 (Holographic coefficients). For even n, let 0 < 2j < n, and for
odd n, let j > 0. Then, the quantities vo;(h) € C°°(M) are called the holographic
coefficients of h.

Originally, the coefficients vo, v4 and ve were studied in connection with one of
the early tests [HS98] of the AdS/CFT-duality [M98], [Wi98]. More precisely, the
AdS/CFT-duality motivates the definition of a notion of volume of a space with
an Finstein metric of negative curvature. Since such space have infinite volume,
one is forced to apply an appropriate renormalization technique. This leads to the
method of holographic renormalization [Sk02].

A general and rigorous mathematical discussion of these issues was given in
[GOO0]. We briefly recall the main results. Let g+ be a conformally compact Einstein
metric on X with conformal infinity ¢ on M = 0X. The choice of h € ¢ determines
a boundary-defining function 7 so that gy = r=2(dr? + h,.) (near M) with hg = h.
Hence

vol(gy) = =Y (vol(h,.) / vol(h)) dr vol(h).

We consider the asymptotics as € — 0 of the g;-volume of the set {r > e}. Using
(1.5.2), we find

/ vol(gy) = coe ™4 e ™D f ey + V 4+ 0(1)
r>€e
for odd n, and
/ vol(gy) = coe ™™ + e ™™D 4o ey 9e 2 — Lloge +V 4 o(1)
r>¢e

for even n. The coefficients ca; and L in these expansions are given by

1
 n—2j

C2j (h) /N[ V25 (h) VOl(h) (153)

and

L(h) = /M vn () vol(h). (1.5.4)

Finally, the constant term V' (g4, h) is called the renormalized volume of g4 with
respect to h.
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Theorem 1.5.1 ([G00]). For odd n, V(g4,h) does not depend on the choice of h.
For even n, L = L(g+,h) does not depend on the choice of h.

However, for even n, the renormalized volume V (g, h) depends on the choice
of h in the conformal infinity c of g,. Its dependence on h can be described by the
formula

(d/dt)]o (V(g+,€*?h)) = /M vy, (h) vol(h) (1.5.5)

Thus, v, is the (infinitesimal) conformal anomaly of the renormalized volume of
g+ In the physical literature, v, is often referred to as the holographic anomaly.
(1.5.5) should be compared with Branson-Orsted’s infinitesimal Polyakov-type
formula

(@/d0)o (lozdet(D(*%9))) = [ a, (D(g)) vollg)

for the determinant of elliptic positive selfadjoint conformally covariant operators
D. Here a, (D) is defined by the constant term in the expansion of the heat kernel
of D. For details see [BO86], [BO88], [BO91a] and chapter 4 of [Br93].

For conformally compact Einstein metrics on four-manifolds, Anderson [A01]
proved the relation

STNX) = 6V (g4 ) = [ W(gs)P vol(g). (1.5.6)

The integral on the right-hand side converges since on four-manifolds the integrand
is invariant under conformal changes (see (1.2.18)). Anderson’s formula (1.5.6)
shows directly that V' (g4, k) does not depend on h.

An extension of this formula to general odd dimensions n can be found in
[CQYO08]. Here the decomposition in Theorem 1.3.4 and the formula [FG02]

Vg h) = — /M S(hsn)(1) vol(h) (1.5.7)

for the renormalized volume in terms of the scattering operator, play a key role.
Using Proposition 1.4.2, (1.4.36) and S(h;n)(1) = 0, the relation (1.5.7) re-proves
that V (g4, h) does not depend on h.

We shall return to a discussion of the renormalized volume for even n at the
end of Section 1.6.

The role of the coefficients vy; in this context motivates us to refer to them
as the holographic coefficients. The same convention was used in [J09b]. In the
literature, one also finds the alternative notion of renormalized volume coefficients
(see, for instance, [G09)]).

Now we display explicit formulas for the first few holographic coefficients.
Detailed proofs can be found in [JO9b].

Example 1.5.1. In all dimensions n > 2,

1 1
=—ZJ)=——trP.
V2 2 B T



50 Chapter 1. Q-curvature

Example 1.5.2. In dimension n > 3,

_1 2 _ 2_1 2
v = (2= |PP) = S r A2 (P).

Example 1.5.3. In dimension 4 # n > 3,

1 1

vg = —gtr/\3(P) - m(lg, P)

with B as in (1.4.34).

Next, we recall that the families oy (h; A) define the coefficients in the ex-
pansion

> PNy (N (F), To(hs N f = f € C(M)

N>0

of a formal solution of the equation
—Ag u=An—-Nu

(see (1.4.41)). Now we have all ingredients to define residue families.

Definition 1.5.2 (Residue families). For even n and 2N < n,

O e
- (-5 - +2N—1)---(—§—A+N)}52N(h,A+n—2N) (1.5.8)

with
(SQN(h; /\)

1 5 9]
= ZM [,T;j(h, )\) o Vo + +76*(h,>\) O'Ugj] o1 (3/87‘)2N 2J, (159)
=0 :

<.

where the embedding ¢ : M — M x [0,¢) is defined by i(m) = (m,0), and the
holographic coefficients are used as multiplication operators. T;}-(h; A) denotes the
formal adjoint of the operator 73;(h; A) on C°° (M) with respect to the metric h.
Note that Dj®(h; A) = i*.

Later on, the critical family

piesy 2 (G [(§2-1) )

1 )
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will be of special importance.

In connection with Definition 1.5.2, some comments are in order. First of all,
the residue families D158 (h; A) are completely determined by the given metric h.
Although the residue families are linear combinations of compositions of differen-
tial operators on M and M x [0, e) with the restriction i*, we abuse language, and
refer to them as differential operators. For generic A, the definition of DL%3(h; A)
involves 2N differentiations both along M and in the normal direction. In that
sense, it is a family of differential operators of order 2/N. In particular, the critical
residue family is of order n. Next, we recall that the families 7o (h; \) are ratio-
nal in A (see Proposition 1.4.3). This motivates the polynomial overall factor in
(1.5.8). Tt has the effect that residue families are polynomial in A. Although one
can also define residue families for odd n, these will not be considered in what
follows, and we omit their discussion.

Versions of residue families first appeared in the context of Selberg zeta
functions (see the discussion in Chapter 1 of [J09b]). We expect that this relation
serves as a source of similar constructions in other contexts.

For special values of the parameter A, residue families degenerate to com-
positions of residue families of smaller order and GJMS-operators. The following
observation is the simplest special cases of this effect.

Proposition 1.5.1. For even n and 2N < n,
Dy (h; —g + N) = Pan(h)i". (1.5.11)

In particular,
D;%*(h;0) = P, (h)i*, (1.5.12)
i.e., the critical residue family at A = 0 is given by the critical GJMS-operator.

Proof. The first statement in Proposition 1.4.3 implies that the only non-trivial
contribution to D357 (h, —5 + N) comes from

92N N1 [(-%—A+2N-1)---(-%—A+N)}
X Ty (A +n—2N) = Pyy(h; A+ n—2N)

at A = —4 + N. But (1.4.43) shows that

* n *
Pyy (h§§ *N) = Pyy(h).
Now Corollary 1.4.1 completes the proof. U

The family D37 (h; A) is the product of a polynomial of degree N in A and
the rational family dan (h; ). The polynomial factor has the effect of removing all
poles. More precisely, we have

Proposition 1.5.2. DIS (h; A) is a polynomial of degree N in A.
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Now we turn to a description of the conformal transformation law of residue
families. We start with a discussion of the critical residue families. The formulation
of the result requires one more ingredient. For conformally related metrics h =
e2#h, there exists a diffeomorphism » which pulls back the corresponding Poincaré-
Einstein metrics, i.e.,

K (r2(dr® + hy)) = r72(dr? + h,.). (1.5.13)

K restricts to the identity map on the boundary. Thus, (1.5.13) implies

i* (%“))23:@

i (Lm) =e ¥ (1.5.14)

r

ie.,

Theorem 1.5.2. For even n, the critical residue family satisfies the relations

X A
e~ Ame o Dres(e2¢h; A) = D7 (h; ) o Ky © <H (r)) (1.5.15)
r
for all p € C>*(M).
The following result extends Theorem 1.5.2 to all residue families.

Theorem 1.5.3. For even n and 2N < n,

* A
e~ A=2N) o Des(e22h; X) = D553 (h; A) 0 Ky © (“ 7@) . (1.5.16)

The following proof of Theorem 1.5.3 rests on an interpretation of D37 (h; A)
as a residue. In fact, it is this interpretation which motivates the terminology.

Proof. Let g be an asymptotically hyperbolic metric and p a boundary-defining
function. Let
u € ker(Ag + p(n — p))

n

with Re(u) = % and p # 5 be an eigenfunction so that in
u=Fpt+Gp"#

the functions F' and G are smooth up to the boundary. Let ¢*(F) = f € C*°(M).
For sufficiently large Re(\), we consider the function

/\l—>/ prupvol(p®g) (1.5.17)
X
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for a test function ¥ € C§°(X) with compact support up to the boundary. It
admits a meromorphic continuation to C with simple poles in A = —y—1— N,
N € Ny and respective residues

/M £ (0295 1) (@) vol (i* (0°9)). (15.18)

The differential operators dy(-; 1) depend on the metric p2g, i.e., on g and the
defining function p. This follows by combining the asymptotic expansion of u with
repeated partial integration.

In the setting of Poincaré-Einstein metrics, boundary-defining functions are
determined by the choice of representing metrics in a conformal class. In this case,
it is natural to regard dy as depending only on the metric on the boundary.

Let h and h = e*?h, and let k be the diffeomorphism which pulls back
the corresponding Poincaré-Einstein metrics. Let u be an eigenfunction of the
Laplacian of g4 as above. In these terms, we consider the function

)\H/XT’\H*(u)wVOI(r2/{*(g+)). (1.5.19)

k*(u) is an eigenfunction of the Laplacian of k*(gy) with leading coefficient

i+ (/@*(T))Mf — e M f € OO (M)

r

(see (1.5.14)). Moreover, the residues of (1.5.19) are given by the formula

/ (€72 £)on (s p) () vol(h) = / e” =2 fon (hs p) () vol(h).  (1.5.20)
M

M

On the other hand, for sufficiently large Re()), (1.5.19) equals

AL ()R () T RS (vol(dr? + hy)

o

= / R (MM ke, ()~ vol(dr? + hy)
b'e

_ /X P (“*_(”)AMH o (1) vol(dr? + h).

r

Now regarding (k. (r)/r)* "1k, () as a test function, we find that the residues
are given by

r

/M Jon(hi ) ((H*(T) ) o H*(¢)> vol(h). (1.5.21)
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By uniqueness of analytic continuation, (1.5.20) and (1.5.21) coincide. Since f €
C*°(M) is arbitrary, we find the relation

—p+n—N
e_("_”)woéN(h;,u) =on(h;p)o (K*T(T)) 0 K.
Now the substitution g +— A+ n — N yields the assertion. g

Theorem 1.5.2 has the following important consequence. We recall that f
denotes the derivative of a holomorphic function f.

Corollary 1.5.1. For even n and all ¢ € C*(M),
e DT (€22 h;0)(1) = DI (h; 0)(1) — Po(h) (). (1.5.22)

Proof. We apply (1.5.15) to the constant function u = 1, differentiate with respect
to A and set A = 0. Then we find

_ (penng;es(fl; O)(l) + entpbzes(ﬁ; 0)(1>

— D7 (5 0) (s (1)) + DI (13 0) ( log (”)) .

r

Now using k(1) =1 and D}**(h;0) = P,(h)i* (see (1.5.12)), we obtain

" D (is0) (1) = Dy (is0) 1) + 20 (7 (1o (1)) )
W ()

= D (h;0)(1) + Pu(h) (z log (T)) .

Here we applied the fact that  restricts to the identity on the boundary M. Now
the relation (1.5.14) completes the proof. O

Now comparing (1.5.22) with the fundamental identity
e”“"Q,L(ewh) = Qn(h) + (_1)%Pn(h)(§0)

(see (1.3.7)) suggests that we ask whether it is true that D7¢*(h;0)(1) = —(—1)% -
Qn(h). The following result gives an affirmative answer. It will play an important
role in Section 1.6.

Theorem 1.5.4. On manifolds of even dimension n,
Dres(h;0)(1) = —(=1)2 Qn(h). (1.5.23)
(1.5.23) together with D.¢*(h; 0) = P, (h)i* (see (1.5.12)) should be compared
with
S(hin)(1) = (-1)2c2Qn(h) and Res,(S(h;A)) = —cz Po(h).
The proof of Theorem 1.5.4 will be given below. It is closely connected with

the proof of another formula for the critical ()-curvature which sometimes is called
the holographic formula.
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Theorem 1.5.5 (The holographic formula). On manifolds of even dimension n,

w[3
|
—

n

(—1)3nQu(h) = 2" (5)! (3—1)! >~ (1= 2) T35 (h: 0)(vay (). (15.24)

<
[}

The detailed proof of the holographic formula for the critical Q-curvature can
be found in [GJ07]. The arguments rest on results in [GZ03] and their subsequent
refinements in [FG02]. See also the description in [J09b].

In connection with (1.5.24), the adjective “holographic” is motivated by the
recent role of holography in physics. It is well known that holography is a technical
device to encode a three-dimensional object on a two-dimensional medium. In
theoretical physics, the notion of holography has been used during the last decade
in connection with the proposed AdS/CFT-duality between gauge field theory in
dimension 4 and gravity in dimension (at least) 5. For more details we refer to the
foundational works [M98], [Wi98] and the reviews [AGMOOO00], [HF04].

(1.5.24) relates the Riemannian curvature quantity Q,(h) of the manifold
(M, h) to data which are constructed in terms of an Einstein metric on a space of
one higher dimension. It is this aspect which is stressed by referring to it as the
holographic formula.

In small dimensions, the holographic formula can be made more explicit. We
display the first three cases.

Example 1.5.4. In dimension n = 2, Q2 = —2wvq. This follows from Qs = scal/2
and vo = —J/2 (see Example 1.5.1).

Note that the formula Q2 = —vs is valid in all dimensions.
Example 1.5.5. In dimension n = 4,
Q4 = 16v4 + 8T, (0)(v2)
with

1 1 1
Vy = —§J and Vg = Ztr/\Q(P) = g(‘JQ B |P|2)

(see Example 1.5.2). By Example 1.4.1, this formula is equivalent to
Q4 = 16v4 + 2P2* (0)(’()2) = 16v4 + 2A(’U2).

The formula in Example 1.5.5 does not hold in dimension n # 4.

Example 1.5.6. In dimension n = 6,
Q(; = —384’[)6 — 32P2*(0)(U4) — 2PI(0>(1}2).
This formula is equivalent to

Qo = —384vs + A%J — 85(P#dJ) + 4A(|P|> — J?),
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where i
vg = —= tr A3(P) — 4—8(8, P) (1.5.25)
(see Example 1.5.3).

The formula for Q¢ in Example 1.5.6 does not hold in dimension n # 6.
The following conjecture extends the holographic formula to subcritical Q-
curvatures in even dimension.

Conjecture 1.5.1. For even n and 2N < n,

N-1

ANenQan(h) = Y (2N —2))T; (h ng) (van—2;(h)), (1.5.26)
7=0

where cy = (—1)N(2EVNI(N-1))~L.

For more details around this conjecture we refer to [JO9b].
Now we discuss two general consequences of the holographic formula. The
following result is due to Graham and Zworski [GZ03].

Corollary 1.5.2. For closed manifolds M of even dimension n, we have the relation

(S)' (g—l)!/M v (h) vol(h) (1.5.27)

w3

/ Qn(h)vol(h) = 2" 1(—1)
M

of conformal invariants.

Proof. Splitting off the term with v,, in (1.5.24) yields

1

(*1)%'”6271 — 9gn—1 (g)l (g—l)! nvy, + Z (n— 2]')72? (0)(vn—2;)

But the terms in the sum integrate to 0. In fact, since the harmonic function v = 1
has a trivial asymptotic expansion, we have 75;(0)(1) = 0 for j > 1. It follows that

/ T35 (1 0) (va—2; (h)) vol(h) = / On—ay () T35 (h 0)(1) vol(h) = 0.
M M

This proves the assertion. O

By Theorem 1.3.4, the conformal invariance of both sides of (1.5.27) implies
that @.,, and v, both can be written as linear combinations of the Chern-Gauf-
Bonnet integrand, i.e., a multiple of the Pfaffian form, a local conformal invariant,
and a divergence. In the locally conformally flat case, it already follows from
[BGP95] that @, and v, are linear combinations of the Pfaffian and a divergence.
But for conformally flat metrics, the holographic anomaly v, actually is just a
multiple of the Pfaffian. Therefore, the holographic formula for @, implies an
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explicit decomposition of @, as a sum of a multiple of the Pfaffian and a certain
divergence. The problem of finding a direct link between @Q,, and the Pfaffian has
been formulated at various places in the literature [ES03].

In order to precisely formulate the result, we first recall the definition of the
Pfaffian form and its relation to the Chern-Gaufl-Bonnet formula. We define the
Pfaffian form by

1 n
Ply = o D> €00y A A Qg g, € QN(M),

where (Q;; are the curvature forms Q;;(-,-) = g(R(:, -)e;, e;) with respect to a local
orthonormal basis {e; }. Moreover, let

E, = (—27)"% Pf,

be the Euler form. In these terms, the Chern-Gaufl-Bonnet theorem [G04] states
that

=), (1.5.28)

In the following, we identify F,, and Pf, with its respective density with respect
to the Riemannian volume form. In particular, we have

Pfo = Rigio =—-K=-J
and

8Pf, = Z (RijriRijii — ARijin Rijik + Rijij Rk )
i3k
= |R|? — 4| Ric|? + scal?
= |W]* +8(J° — |P).

Corollary 1.5.3. On manifolds of even dimension n with a locally conformally flat
metric h, the critical Q-curvature naturally decomposes in the form

(~1)Qu(h) = [(n—2)(n—4) - --2] PE,

4 gn—2 (g 4)! (g 4)1 Ezl(n — 2§) T3 (h; 0)(vn—2;(h)).  (1.5.29)
j=1

The sum on the right-hand side is a divergence. 2

Note that (1.5.29) is a concrete version of the decomposition given by Theo-
rem 1.3.4.

2In [GJO7], the formula corresponding to (1.5.29) does not contain the coefficient (—1) % . The
difference is due to the different sign convention for the curvature tensor.
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Proof. The proof of Corollary 1.5.2 yields the decomposition (1.5.29), up to the

identification of
gn—1 (ﬁ)! (E —1)!%
2 2

[(n—2)(n—4)---2] Pf, .

with
In order to prove that relation, we apply the result that, under the assumption
W = 0, the holographic coefficients are given by

vaj = (=2) 7 tr AV(P) (1.5.30)
(see [GJOT7], [FGOT]). In particular,

v, = (—2)" 2 tr AZ(P).
On the other hand, W = 0 yields R = —P ® h, which in turn gives

Pf, = (—1)% (g)!tm%(P).

These results yield

The proof is complete. O

Example 1.5.7. Let n = 2. Then Q2 = — Pfy = K.
The following example was already mentioned at the end of Section 1.2.

Example 1.5.8. Let n =4 and W = 0. Then
Q4 =2 Pf4 +87E* (0)(1}2) =2 Pf4 —AJ

by using ve = —J/2 and Example 1.4.1. This formula is a special case of (1.2.44).

Further consequences of the holographic formula (or rather Theorem 1.5.4)
will be described in Section 1.6.

We continue with a proof of Theorem 1.5.4.

First of all, a direct evaluation of D7¢°(h;0)(1) yields the following interme-
diate result.

Proposition 1.5.3. For even n,

Dres(h; 0)(1) = —2n (g)' (ﬁ _1)! T (h; 0) (vn—2;(h)) + Py (h; 0)(1).
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Next, we recall that
Po(h;0)(1) = (~1)2Qu(h) (1.5.31)
by Proposition 1.4.4. In contrast to P, (h;0), the derivative P,(h;0) is not self-
adjoint. However, we have the following identity.
Theorem 1.5.6 ([GJ0T7]). For even n,

21
n

n (Pl 0) = P13 0)) (1) = =2" (5 )1 (5 1)1 X2 20755 (50) (v ().
j=1
Proposition 1.5.3 and (1.5.31) imply
1

D (i 0)(1) = =2 (5)1 (5 1)1 D 0T (1 0)(vama; (1)

w3
I

1 (B (h:0) = Pulh;0)) (1) + n(=1)F Qu(h).

.
(e}

Thus, by Theorem 1.5.6, the quantity nD:fs(h; 0)(1) equals

1

_on (g)v (3—1)! > (1 = 2)T55(h: 0) (vn—2; (1)) + n(=1) Qu(h).

w[3

<
(e}

Now the holographic formula Theorem 1.5.5 yields
nD(h;0)(1) = —(=1)#2nQu (h) + n(=1)2 Qu(h) = —(=1)¥nQu(h).

This proves Theorem 1.5.4.

1.6 Recursive structures

In the present section, we discuss the recursive structure of residue families, and
demonstrate how it can be used to derive recursive formulas for both Q-curvatures
and GJMS-operators.

The residue families are recursive in the sense that any given family can
be expressed (even in various ways) in terms of lower-order residue families and
GJMS-operators.

For the flat metric on R"™, residue families can be interpreted as intertwining
families for principal series representations. From that point of view, their factor-
ization identities are consequences of multiplicity-free branching laws for Verma
modules. For full details concerning this aspect we refer to [JO9b].
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In view of Theorem 1.5.3, factorization identities for residue families of the
flat metric imply factorization identities for residue families for (locally) confor-
mally flat metrics. More generally, we conjecture that the validity of factorization
identities extends to general metrics in full generality. We discuss some results
which support this conjecture.

The residue families give rise to the notion of Q-curvature polynomials (or Q-
polynomials for short). These are polynomials of one variable which generalize Q-
curvature. The fact that the @-polynomials are recursively determined is the key to
uncover recursive formulas for @-curvatures in terms of lower-order Q-curvatures
and lower-order GJMS-operators. In this context, we shall often restrict to locally
conformally flat metrics. More general results follow as soon as the appropriate
factorization identities are available.

We continue with a description of the details. Full proofs can be found in
[JO9b], [FJ] and [J09a].

We start with formulation of the factorization identities for the residue fam-
ilies of the flat metric h, on R™.

Theorem 1.6.1. The family
o8 (he; A) : C%F(R™) — C%(R™)

factorizes for the 2N +2 parameters

n n n+1 n+1
A {f— N,... -2 2N} N (L
€el-3+ 5+ U{ . . +}
as
res n . res n N
D5 (hc; —§+2N—]) = Py;(h.) o D5%_a; (hc; —§+2N—j) (1.6.1)

forj=0,...,N and

res n+1 - res n+1 ;
2N (hc;—2 +J) = aoN-—2j <hc;T—J> o Pyj(dr?+he) (1.6.2)

for j=0,...,N. Here
Pyj(he) = AL, and  Poj(dr® +he) = AL,

are the GJMS-operators on R™ and R™+1.

Besides the two trivial relations for j = 0, the relations in (1.6.1) and (1.6.2)
contain 2N non-trivial identities. We recall from Section 1.5 that D35 (h; A) is a
polynomial of degree N in A. Thus, Theorem 1.6.1 implies that the N + 1 coef-
ficients of D37 (he; A) can be written in terms of lower-order residue families for
h. and powers of the Laplacian on R™ and R™t!. Applying this argument to the
lower-order residue families, finally yields a formula for the family D357 (he; A) in
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terms of powers of Laplacians on R™ and R"*!. Since for N > 2, the number 2N
of non-trivial relations for D55 (he; A) exceeds the number N + 1 of operator coef-
ficients, the form of the resulting formulas depends on the choices of factorization
identities used in this process. One of the natural choices consists in using the
system (1.6.1) together with the identity for j = 1 of (1.6.2). This choice will play
a special role in what follows.

In order to illustrate the situation, we display two examples of low orders.

Example 1.6.1. The definition of D5%(h.; A) yields
—(2A+n—2)i*(0/0r)* + Agni*.
This formula can be rewritten as
D3%(he; ) = —=(2A+n—2)i"Agnt1 + 2A+n—1)Arni™.
For the parameters A\ € {772’ +1, —"—+1 + 1}, the family specializes to
Agnt®  and  i*Agn+i,

respectively. These are the two non-trivial factorization identities. These identities
characterize the family which is linear in A.

Example 1.6.2. We consider the critical residue family of order 4 for the flat metric
he on R*. The definition of D} (h.;\) yields

gA( 1)i*(0/0r) — 4ANAgai*(8/0r)* + AZai*. (1.6.3)

This family is quadratic in A and satisfies four non-trivial factorization identities:

D (he; 0) = ARad®,
D (he; 1) = Aga Dy (he; 1),
D% (he; =3/2) = D3 (he; —7/2) Aps,
D¢ (he; —1/2) = i* A2s.

The following results are curved analogs of Example 1.6.1 and Example 1.6.2.

Theorem 1.6.2. For any manifold (M, h) of dimension n > 2, the residue family
of order 2 is given by

D5 (hi A) = —(2A+n—2)i*(0/0r)* + (A + AJ)i*,
where A and J are to be understood with respect to h. It satisfies the identities

1
Dy (h;—%ﬂ) = Py(h)i* and D5 (h;—%—i—l) = i* Py(dr®+hy).
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Theorem 1.6.3. For any four-manifold (M, h), the critical residue family of order
4 1s given by

D (h; \) = gx(x —1)i*(8/0r)* — 4MA + (A — 2)0)i*(9/0r)?
+ [PF(A) +4A(A = M)+ 4A(X = 1)(J* = |P]?)] ¢
with
Pi(N\) = (A= (A +2)0)(A = )\)
+ 20\ = D[P|? +4(\ — 1)5(P#d) + 2(A — 1)(dJ,d). (1.6.4)

Here A, P, J are to be understood with respect to h. It satisfies the four factoriza-
tion identities

D3¢ (h;0) = Py(h)i™,

D (h;1) = Py(h) D3 (s 1),
D} (h; —3/2) = D5**(h; 7/2)P2(d1" + h,),
Dyes(h; —1/2) = i* Py(dr? + hy).

These results for general metrics can be proved by direct calculations, i.e.,
by using the definitions of residue families in terms of the operators 75; and the
holographic coefficients vo;. However, for locally conformally flat metrics h, the
factorization identities in Theorem 1.6.2 and Theorem 1.6.3 also follow from those
in the flat case by appealing to Theorem 1.5.3. More generally, for such metrics,
these results are special cases of the following curved version of Theorem 1.6.1.
We note that for locally conformally flat h, the Taylor series of h,. breaks off and

h —h—r2P+ﬁP2 (1.6.5)
.= TP 6.

Moreover, for such h, there are GIMS-operators to all orders [FGO7].
Theorem 1.6.4. Assume that (M, h) is locally conformally flat. Then, the family
D557 (hs A) : C°(M x [0,¢e)) — C(M)

factorizes for the 2N + 2 parameters

M€ {—%+N,...,—§+2N}u{—— ...,——+N}

as
n . res n .
;?\}9 (h,, —§+2N—j) = PQJ(h) o D2N—2j (h, —5+2N—]) (166)
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forj=0,...,N and

1 1
DI <h; n;_ +j) = D33 _o; (h; —n;—]) o ng(dr2+h'r‘) (1.6.7)

forj=0,...,N. Here Py;(h) and P»;(dr® + h,) are the GJMS-operators of h and
the conformal compactification dr? + h, of the corresponding Poincaré-Finstein
metric.

In the following, it will be convenient to use the notation
Py(h) = Py(dr®* + h,) and Qo(h) = Qa(dr® + h,.). (1.6.8)

Theorem 1.6.4 was formulated under the assumption that & is locally confor-
mally flat. The following conjecture states that this assumption can be removed.

Conjecture 1.6.1. For even n and 2N < n, all 2N non-trivial factorization iden-
tities in (1.6.6) and (1.6.7) hold true for any metric h.

Theorem 1.6.2 and Theorem 1.6.3 provide support for Conjecture 1.6.1. Next,
we stress that the nature of the factorization identities in the system (1.6.6) differs
from the nature of those in the system (1.6.7). In fact, while the identities in (1.6.6)
contain a GJMS-operator of the metric h as a factor, the identities (1.6.7) contain
a factor which is a GJMS-operator of the metric dr? + h,.. This difference is also
reflected by the fact that the validity of the system (1.6.6) can be proved for all
h (see Section 6.12 in [JO9b]), whereas no such general result is known for the
second system. The following discussion will show that already the validity of one
of the factorization identities in the system (1.6.7), namely that which contains
the Yamabe operator P,, would have interesting consequences for Q-curvature.
For more details see also [FJ].

Now we turn to the discussion of consequences of factorization identities for
Q@-curvatures. First, we show that Theorem 1.6.3 implies the following recursive
formula for the critical @-curvature Q4.

Proposition 1.6.1. For any four-manifold (M, h),
Q4 = P2(Q2) — 2i* P2(Q2). (1.6.9)
Proof. We combine the formula
Dy (h;0)(1) = —Qa(h) (1.6.10)
(see Theorem 1.5.4) with the factorization identities

Dy (h; 1)(1) = Pa(h) D5 (h; 1)(1),
Dy (h; =3/2)(1) = D5 (h; =7/2) P (h)(1)
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following from Theorem 1.6.3. By Theorem 1.6.2, the latter two relations are
equivalent to

Dj(h; 1)(1) = Pa(h)(—4i" Pa(h) + 5P (h)i*)(1),
D (h; =3/2)(1) = (50" Pa(h) — 4P (h)i") Py (h)(1).

Now D}°*(h; A)(1) is a quadratic polynomial in A with vanishing constant term,
ie.,

D (h; M) (1) = aX? + 8.
In these terms, the above relations read

9 _% a\ (51*?2(}0 _4P2(h)i*)P2(h)(1)
(le 1 ) <5> B <P2(h)(4i*P2(h) +5P2(h)i*)(1)>. (1.6.11)

Solving the matrix equation yields

B = —Py(Q2) + 20" Py (Qa).
Here we have used P,(1) = —Q2, P2(1) = —3Q5 and the restriction property
Qs = Qo. (1.6.12)

But (1.6.10) gives 8 = —Qa(h). The proof is complete. O

Proposition 1.6.1 acts as a recursive formula for Q4. In fact, it expresses the
fourth-order curvature quantity )4 in terms of second-order constructions: the
Yamabe operator and Qs for the given metric h and dr? + h,..

It is remarkable that the formula for Q4 in Proposition 1.6.1 literally holds
true in all dimensions n > 3. We refer to this result as universality. Indeed, in
dimension n > 3, the assertion reads

Q4 = (A_"T_%) (J) — 2 ((8/8r)2 + A, — nT_lQ2> (Q2)-

Now using i*Q2 = Q2 = J (see (1.6.12)) and i*(9/dr)%(Q2) = |P|?, the sum
simplifies to

"2 9P|z~ AU
2
This proves the universality of (1.6.1).
The following result is an analog for Qg of Proposition 1.6.1.

Proposition 1.6.2. The critical Q-curvature Qg satisfies the recursive formula

Qo= 5 (P(@1) + Pi(Q2)) — 2 PR(Q2) + 5i° B Q). (16.13)

Moreover, (1.6.13) is universal, i.e., holds true in all dimensions n > 6.
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We outline the method of the proof of Proposition 1.6.2. We first restrict
to a locally conformally flat metric h. The residue family Dg*(h;\) is a cubic
polynomial in A which satisfies six factorization identities. Three of these identities
involve the GJMS-operators P, Py and Py for h. Hence the family D§®®(h; \) can
be written as a linear combination of the right-hand sides of these identities and
the right-hand side of the identity which involves the Yamabe operator P;(h). In
turn, the lower-order residue families D5%°(h; A) and D}°®(h; A) which appear in the
resulting formula can be written as linear combinations of the corresponding right-
hand sides of their factorization relations. This leads to a formula for Dg®*(h; A) as
a linear combination of compositions of the GJMS-operators Ps(h), Py(h), Pa(h)
and the Yamabe operator Py(h) = P(dr?+h,). Now combining the resulting
formula with

D (h;0)(1) = Qg(h)

(see Theorem 1.5.4) yields a formula for Qg as a linear combination of compositions
of the GJMS-operators P (h), Py(h) and the Yamabe operator P(h) = Py(dr? +
hr) (acting on u = 1). That formula contains compositions of GJMS-operators for
h with powers of Py(h) up to 3. Next, we express the quantities

i*Py(R)(1) and *PZ(h)(1)

in terms of subcritical GJMS-operators and subcritical @-curvatures. For that
purpose, we apply the formulas

7 QQ Qg and - 22*}52(@2) = Q4 — PQ(QQ) (1614)

(see (1.6.12) and (1.6.9)) in dimension n = 6. Here it is crucial that the relations
in (1.6.14) hold true in dimension n = 6. This is a special case of their universality.
The final result is (1.6.13).

A direct proof of (1.6.13) for general metrics in dimension n = 6 as well as
a proof of the universality of (1.6.13) can be given by making both sides explicit.
An alternative proof for general metrics in the critical dimension follows from an
extension of the appropriate factorization identities. For the full details we refer
to [JO9b].

An extension of these methods yields the following recursive formula for the
critical @Q-curvature Qs.

Proposition 1.6.3. For locally conformally flat metrics, the critical Q-curvature Qg
satisfies the recursive formula

Qs = §P2(Q6) + [—4P22 + 1—7P4] (Q4)

22 8 28 9 16 .,
+ |:—€P2 + 5P2P4 —|- 5 P4P2 — —P6:| (Qg) — EZ P2 (QQ) (1615)
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The recursive formulas in Propositions 1.6.1-1.6.3 express @4, Q¢ and Qg in
terms of respective lower-order GJMS-operators, lower-order Q-curvatures, and a
respective term of the form

i*Py(Q2), N=1,2,3. (1.6.16)

In contrast to the holographic formula in Theorem 1.5.5 and its extension in Con-
jecture 1.5.1, the terms (1.6.16) are the only ones which are defined through the
associated Poincaré-Einstein metric. In the following, we shall discuss another
type of recursive representations for Q-curvature which mixes features of the holo-
graphic formula and the above recursive formulas: they relate Qan to ven (as
in (1.5.26)), up to lower-order GJMS-operators and @-curvatures. These formulas
arise through the theory of @Q-curvature polynomials (or Q-polynomials, for short).

Definition 1.6.1 (Q-curvature polynomials). For even n > 2 and 1 < N < 3, the
degree N polynomial

58 (hs A) = —(=1)V D3 (h; A)(1) (1.6.17)

is called the N** Q-curvature polynomial of h. Q7¢*(h;\) is called the critical
Q-curvature polynomial.
By D;%(h;0) = P, (h) and P, (h)(1) = 0, the critical Q-curvature polynomial
has a vanishing constant term. Moreover, its linear term is given by
Q1 (h;0) = —(=1)2 D3 (h; 0)(1) = Qn(h)
by Theorem 1.5.4. Similarly, for 2N < n,
res . _E - _ E _
N (h’ 2 +N) (2 N) @zv ()
by
res . ﬁ _
DI (h, ; +N) Pon(h)
(see the trivial case j = 0 of (1.6.6)). This motivates the terminology.

In more explicit terms, the N** Q-curvature polynomial is defined by
res(hi ) = —22N N1 ((A+§—2N+1) . (A+%—N))
X [Ton (b A+n—2N)(vo) + - - + T (h; A+n—2N)(van)] . (1.6.18)
In particular, the critical Q-curvature polynomial is defined by
Q07 (h; A)

=" (g) (()\— g+1) . -/\) [T (h: N () + -+ + T (s ) (vn)] . (1.6.19)

The first two critical Q-polynomials can be determined by direct calculations.
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Example 1.6.3. In dimension n = 2,
@37 (A) = AQ2.
Proof. By definition of D3%(h; \),

27 (hi A) = —4AF5 (M) (v2) + P3 (M) (vo)
= —dws + (A - \)(1)

=2\ = )\J
= AQ2(h)
using Po(A) = A — M\J and vy = —%J. O

Example 1.6.4. In dimension n = 4,
5N = =M\ = 1)Qu — N P2(Qo).
Proof. By definition of D} (h; \),
—Q17(A) = 32(A=1)AF; (va) + 8(=A) Py (M) (v2) + Pf (A)(vo)-
The family P;(\) is given in (1.6.4). A calculation yields

Pr(A)(1) = —=3MAJ+ A(A+2)J2 + 20(A—1)|P|%.

Hence using P>(A) = A — \J, va = —1J and vy = $(J* — |P|?), we find
nes(X) = A2(2|P|2 — J?) + A\ Qy. (1.6.20)
The latter result is equivalent to the assertion. O

Alternatively, these results can be derived from factorization identities for
@-polynomials which are consequences of the factorization identities for residue
families. More precisely, Theorem 1.6.4 implies

Theorem 1.6.5. For a locally conformally flat metric h, the Q-curvature polyno-
mials satisfy the relations

n n

35 (i =5 +2N = j) = (17 Py (h) (@55 sy (mi—5 +2N = j))

forj=1,...,N.

Next, we observe that Theorem 1.5.3 implies that

NP QU5 (¢2h50) = Q35 (1 0), € O (M),
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In other words, Q5% (h;0) is a scalar local conformal invariant of order 2/N. But
for 2N < n, there are no such non-trivial invariants for locally conformally flat
metrics [FGO7]. Thus, for locally conformally flat metrics h,

|3

Q35" (h:0) =0 for j=1,..., (1.6.21)

5"
Note that in the critical case 2N = n, this vanishing result follows from
R0 (h;0) = —(=1)2 Pu(h)(1) = 0.

Now (1.6.21) implies that the polynomials
TES TES N n
sz (h;A) = sz (BN/A G=1,..., 5

are well defined. These polynomials are still well-defined without assuming A to
be locally conformally flat. This follows from the following result.

Theorem 1.6.6. For cven n, we have Q45 (h;0) = 0 for all 1 < N < % and all
metrics.

Proof. We sketch the argument. First, assume that n > 4N, that is, n — 2]\7 >
For j = 1,..., N, the poles of the famlly T5;j(h; M) are in the set {" %
J}. Thus, the assumptlon guarantees that the families 75" (h; A), . 72*1\7 (h /\) are
regular in n — 2N. Now it follows from (1.6.18) that the assertion is equivalent to

T (h;n—2N)(vo) + -+ + 1y (h;n—2N)(van) = 0. (1.6.22)

In turn, (1.6.22) is equivalent to
/ (o Ton (s n—2N)(f) + -« + vonTo(h: n—2N)(f)) vol(h) =0 (1.6.23)
M

for all f € C§°(M). Let
u=r"N PN (0= N)(f) + -+ " Tan (n=N)(f).

We choose small € and  so that 0 < & < . Green’s formula implies

_/g<r<5A wvol(g (/ / 6) o) vol(h),  (1:6.24)

where v denotes the inward normals; recall that vol(gy ) = r ="~ v (r)dr vol(h) with
v(r) as in (1.5.2). Both sides of (1.6.24) have asymptotic expansions for e — 0.
We determine the respective coeflicients of loge. By construction, we have

—Ag,u=2N(n—2N)u+ O(r"*?).
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It follows that the coefficient of loge in the asymptotic expansion of the left-hand
side of (1.6.24) is a non-trivial constant multiple of

/M (voZan (hsn—2N)(f) + -+ vanTo(h;n—2N)(f)) vol(h).

On the other hand, the asymptotics of the right-hand side of (1.6.24) does not
contain a log e term. This proves (1.6.23). Thus, for fixed N, we have Q5% (h;0) =0
for all n > 4N. The assertion for all n > 2N follows by “analytic continuation” in
the dimension n. (]

The following result extends Example 1.6.3 and Example 1.6.4.

Theorem 1.6.7. Let (M, h) be locally conformally flat of even dimension n. Then

Qres(hs \) = (~1)F 1A H < o

ks 2(_1)j ﬁ <)\_]€7:7+k> Pyj(h) ( 26523‘ (h; g*j)) . (1.6.25)

ki

Proof. For the moment being, denote the polynomial on the right-hand side of

n

(1.6.25) by R;°*(\). It is a polynomial of degree 7. It suffices to prove that
R'e¢(h; \) satisfies the relations

res ,ﬁ_~ — (1) .E_' ; — E
Rn (h/72 .]) ( 1)P2j()<Q2N 2](72 ]))a] 1a"'72
and
R (h;0) = Qn(h).
But it is straightforward to verify these assertions. O

Theorem 1.6.7 extends to subcritical @-curvatures as follows.

Theorem 1.6.8. Let (M, h) be locally conformally flat of even dimension n. Assume
that 2N < n. Then

res(h )\) N 1)\ H (M) QZN(h)

N-1

+A H (Mk——ZJNJrk) Pay () (@552, (i =5 +2N 7))

=1 =
J k#j
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In fact, for 2N < n, the polynomial Q553(h; A) is characterized by the rela-
tions

res n . j res n -
2N (h;_§+2N_J):(_1)JP2j( )<Q2N 2;( §+2N—J>>
for j =1,..., N, and the vanishing property
s (h;0) = 0.

Theorem 1.6.6 shows that the vanishing property (1.6.21) is actually satisfied
for general metrics. This means that the formulas in Theorem 1.6.7 and Theorem
1.6.8 extend to all metrics.

Now combining Theorem 1.6.8 with (1.6.25), generates a formula for the
critical @Q-curvature polynomial Q7¢%(\) with coefficients given as linear combina-
tions of compositions of GJMS-operators acting on lower-order @-curvatures. The
following result displays the coefficients of the respective leading powers in the
critical polynomials Q557 (h; A) for N =1,...,4.

Proposition 1.6.4. The first four critical Q-curvature polynomials are of the form

5 (\) = AQ2, (1.6.26)
1) = =2 (Qa+ Pa(@2) + -+, (1.6.27)
216 (A) = X* (Q6 + 2P2(Qu) — 2P4(Q2) + 3P5(Q2)) + - - (1.6.28)

and

3105 () = =AY (Qs + 3P2(Qs) + 3P5(Q2) — IP4(Q4) — 8P2Py(Q-)
+12P7(Qu4) — 12P4Py(Q2) + 18P5(Q2)) + -+ . (1.6.29)

(1.6.26) and (1.6.27) only restate Example 1.6.3 and Example 1.6.4. (1.6.28)
and (1.6.29) hold true for general metrics. This rests on the fact that those factor-
ization identities of residue families which involve a GJMS-operator of the bound-
ary metric are valid in full generality. For the details we refer to [JO9b].

Now recall that the critical residue families D}¢*(h; A) and the corresponding
Q-curvature polynomials Q7¢°(h; \) are defined in terms of the holographic coef-
ficients vo; and the families Pyj(h; \) = A7 4 .-+ for j = 0,...,%. In particular,
there are formulas for the leading coefficients of the polynomials Q7¢°(\) in terms
of the holographic coefficients ve; and the families P;(\). Comparing these for-
mulas with those given in Proposition 1.6.4 yields interesting representations for
the critical Q-curvatures (04, Q¢ and Qg.

More precisely, we obtain the following results.

Proposition 1.6.5. On any four-manifold,

Qs+ P2(Q2) = —Q3 + 1604 (1.6.30)
= 4(4vy — v3). (1.6.31)
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Proposition 1.6.6. On any siz-manifold,

Q6 + 2P (Q4) — 2P4(Q2) + 3P3(Q2) = —6(Q4 + P2(Q2))Q2 — 2%3lvs  (1.6.32)
= —48(8vg — dvgvy + v3). (1.6.33)

More details of the following proof can be found in Section 6.11 of [JO9b].

Proof. We compare the coefficient of A® in (1.6.28) with the coefficient of A\® in
2Dge*(A)(1), where

D (\)(1) = 2931(=A+2) (—A+ 1) (=N [Z5 (V) (o) + T3 (W) (v2) + T3 (W) (v4) + ve),
or, equivalently,
Dg=(A)(1) = P (A)(vo) — 12AP1 (M) (v2)
+ 243\ A=1) Py (\) (vs) — 2°3IA(A—1)(A—2)v.
This yields the formula
Q6 + 2P2(Q4) — 2P4(Q2) + 3P (Q2) = —6J° + 12|P|2J — 2631u.
Now we recall the formulas vy = —4J, vy = §(J* — |P[?),
Py=A—-2) and Qq=3J*—-2|P|> - Al
Using these results, it is straightforward to verify the assertions. O
It is also of interest to make (1.6.32) more explicit. A calculation shows that
— 2P5(Qu) 4 2P4(Q2) — 3P5(Q2) — 6(Qu + P2(Q2))Q2
= A?J + 4A|P]? + 8(P, Hess J) — 8JAJ.
The latter sum can also be written in the form
—2P;(Q4) + 2P} (Q2) — 3Py P2(Q>),
where (+)° denotes the non-constant part of the operator in brackets. Now (1.5.25)
implies
—203lug = 8(J3 — 3J|P|> + 2tr P?) + 8(B, P).
Hence we have proved

Corollary 1.6.1. The critical Q-curvature Qg is given by
Qs = —2P5(Qa) + 2P{(Q2) — 3Py P2(Q2) — 2°3lug (1.6.34)
or, equivalently,

Qo = A?J + 4A|P|> + 8(P,Hess J) — 8JAJ
+8(J% = 3J|P)> + 2tr P?) + 8(B,P). (1.6.35)
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(1.6.35) coincides with the formula given in [GJO07]. It also coincides with the
expression for the critical Q¢ derived in [GP03] (see also [Br05]). For a proof of
the equivalence see Section 6.10 of [JO9b).

Note that the first formula in Corollary 1.6.1 immediately confirms the rela-
tion

/Q6v01:—263!/ vg vol (1.6.36)
M

M

(see Corollary 1.5.2).

We continue with a description of analogous results for Qg.

The following result is an analog of Proposition 1.6.6. Its proof in Section
6.13 of [J09b] makes use of a special case of a conjectural identity which generalizes
Theorem 1.5.6. The assumption was removed in [J09d].

Proposition 1.6.7. On any eight-manifold, the sum

Qs + 3P2(Q6) + 3Fs(Q2) — 9IP4(Q4)
— 8P Py(Q2) + 12PF(Q4) — 12P4 Py(Q2) + 18P5(Q2)  (1.6.37)

equals
—12[Q6+2P2(Q4) —2P4(Q2) +3P5(Q2))Q2 — 18[Qa+ P2(Q2))* +3!4127vs. (1.6.38)
Equivalently, (1.6.37) equals
288(64vs — 3206v9 — 1603 + 24v3vy — 5U3). (1.6.39)
Corollary 1.6.1 can be regarded as a description of cancellations in (1.6.32).

There are similar cancellations of terms in (1.6.37) and (1.6.38). In fact, calcula-
tions yield the following result.

Corollary 1.6.2. The critical Q-curvature Qg is given by the sum of

— 3P)(Qs) — 3P5(Q2) + 9P (Q4)
+ 8PYPy(Q2) — 12P) Py (Q4) + 12P) P2(Q2) — 18PY P (Q2),

the divergence terms

12[A(Q4)Q2 — QA (Q2)] + 18 [A%(Q2)Q2 — A(Q2)A(Q2)]
+ 64 [A(Q2)Q3 — Q2A(Q3)]

and the holographic coefficient
314127 yg.
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Corollary 1.6.2 immediately confirms the relation

/Q8v01:3!4!27/ vg vol (1.6.40)
M M

(see Corollary 1.5.2), and makes explicit all divergence terms.

Some comments are in order. The identities (1.6.30), (1.6.32) and (1.6.38)
are recursive formulas for the critical Q4, Q¢ and Qg: they express critical @-
curvatures in terms of respective lower-order GJMS-operators acting on lower-
order @-curvatures. In addition, all formulas contain a contribution by a holo-
graphic anomaly v,,. These formulas resemble the holographic formula in the sense
that both types of identities can be regarded as formulas for the differences

n—1 n (T n
Qn — 27" 1(~1)3 (2)! (2 1)!%.
But both types of formulas express these differences in fundamentally different
ways. While the holographic formula uses the holographic coefficients and the
asymptotic expansion of harmonic functions for the Poincaré-Finstein metric, the
formulas in Propositions 1.6.5-1.6.7 only use lower-order GJMS-operators and
their constant terms, i.e., @Q-curvatures.
In connection with the following comments, it is useful to recall that

Q2 = —20s. (1.6.41)

Now we observe that the first term on the right-hand side of (1.6.32) is composed
of the quantities on the left-hand sides of (1.6.30) and (1.6.41). Similarly, the first
two summands in (1.6.38) are composed of the left-hand sides of (1.6.30), (1.6.32)
and (1.6.41).

The relations (1.6.31), (1.6.33) and (1.6.39) provide alternative formulas only
in terms of holographic coefficients. The following result on power series implies
that these formulas have a simple uniform formulation.

Lemma 1.6.1. Let
1+ wor? 4+ wyr* 4+ wer® + -

be the Taylor series of the function w(r) = y/v(r) with

U(r):1+v27‘2—|—v4r4—|—v6r6—|—---.

Then
2w2 = Vg,
1 2
2wy = 1(4114 —v5),
1
2wg = §(8v6 — 4vgvg 4+ v3),

1
Qug = 6—4(64118 — 32ugvy — 1603 + 24vivy — 5u3).
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Thus, the right-hand sides of (1.6.41), (1.6.31) and (1.6.33) and the quantity
(1.6.39) are given by

(DN NUN — 1)122N s (1.6.42)

for the appropriate values of N. These observations are special cases of the follow-
ing conjecture [J09a].

Conjecture 1.6.2. The leading coefficient of the critical Q-curvature polynomial
res(h; A) is given by

- (g)!Z”wn(h).

In [J09a], one also finds a discussion of an analogous conjecture for subcritical
@Q-curvature polynomials.
The above discussion shows that, in the formula

Qo = [—2P2(Q4) + 2P4(Q2) — 3P5(Q2)] — 6[Q4 + P2(Q2)]Q2 — 2°3lvg,

the middle term
6[Q4 + P2(Q2)]Q2

is naturally linked both to the first and the last term. In fact, it naturally cancels
certain contributions in the first term and contributes to wg, when combined with
ve. Corollary 1.6.2 shows that for Qg the term (1.6.38) plays a similar double role.

We continue with a brief discussion of recursive formulas for some critical
GJMS-operators. Such a formula for Py follows by combining the conformal vari-
ational formula

(d/dt)]o (e"¥Q¢(e*"?h)) = —Ps(h)(¢)

with the recursive formula

Qs = —2P5(Q4) + 2P4(Q2) — 3P5(Q2) — 6(Q4 + Po(Q2))Q2 — 2°3lug

for the critical Qg (see (1.6.32)). We also recall that ve is given by (1.5.25). This
leads to the following result.

Theorem 1.6.9. The critical GJMS-operator Ps coincides with the operator
(2Py Py + 2P, Py — 3P3)° — 5((48P? + 8B)#d). (1.6.43)

We recall that the superscript (-)° denotes the non-constant part of the op-
erator in brackets. A detailed proof of Theorem 1.6.9 is given in Section 6.12 of
[JO9b].

The GJMS-operator Py exists also in all odd dimensions n > 3 and in all
even dimensions n > 6. These cases are covered by the following generalization of
Theorem 1.6.9.
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Theorem 1.6.10. For odd n > 3 and even n > 6, the GJMS-operator Ps on mani-
folds of dimension n is given by

(2Py Py + 2P, Py — 3P3)° — 485(P24#d) — nl—_645(3#d) - (g —3) Qs (1.6.44)
with

Qo = [~2P2(Qa) + 2P1(Q2) — 3PF(Q2)] — 6[Qu + Po(Q2)] Q2 — 2°3lws. (1.6.45)

Here
1 3 1
=—trA°(P) — ——— (B, P). 1.6.46
= —g trAY(P) ~ g (B.P) (1.6.46)
From the perspective of these results for Py, it is natural to reformulate the
usual formula for the Paneitz operator P, as follows.

Theorem 1.6.11. For odd n > 3 and even n > 4, the Paneitz operator Py on
manifolds of dimension n is given by

(P3)° — 45(P#d) + (3—2) Qs (1.6.47)

with
Q4= —P3(Q2) — Q3 + 160y. (1.6.48)

We stress the main features of the formulas (1.6.47) and (1.6.44) for P, and
Ps. Both formulas express the respective GJMS-operator as a sum of three terms.
The first terms are the non-constant parts of linear combinations of products of
lower-order GJMS-operators. In that sense, the formulas are recursive. The second
parts are second-order operators which are determined by a power of the Schouten
tensor P and the Bach tensor B. The appropriate interpretation of the quotient
—B_ is as an extended obstruction tensor in the sense of [G09]. Note that the
right-hand side of (1.6.44) is not well defined for n = 4. This reflects the fact
that there does not exist a conformally covariant cube of the Laplacian on general
four-manifolds [G92]. Of course, the third terms in both formulas are given by Q-
curvatures. Finally, we emphasize that the first terms in both formulas are relatives
of the first terms in the corresponding recursive formula for Q-curvatures. In fact,
the former arise by substituting Q-curvatures in the latter by the corresponding
GJMS-operator (up to a sign).

Theorem 1.6.10 was first proved in [JO9b]. In [J09a], the result was embedded
into a much wider framework, which yields an analogous formula for a conformally
covariant fourth power of the Laplacian, as well as conjectural formulas for all
higher-order powers (for locally conformally flat metrics).

We close this section with a discussion of some results concerning renormal-
ized volumes. We recall from Section 1.5 that (for even n) the quantity v, is the
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conformal anomaly of the renormalized volume V (g4, h) of a Poincaré-Einstein
metric g4 with conformal infinity [h], i.e.,

(d/dt)]o (V(e**#h)) :/ vy, () vol(h). (1.6.49)
M
The full anomaly, i.e., the integrand A, (¢) in
V(e**h) — / A (@) vol(h

is determined by v,, through

/M An() vol(h) = /0 ) dt)(V () = /0 1 ( /M ovn(hy) vol(ht)> dt.

A is a natural non-linear differential operator.

Now we shall show how one can use the relations between vy and Qs, vy
and @4, and vg and Qg to derive some compact formulas for the respective full
anomalies.

We start with a closed surface M. Using vy, = K = ——Q2 and the trans-
formation law (1.2.12), we find

V(e**h) — V(h) = /01 </M govg(ht)vol(ht)> dt
%/01 (/ ©Qa(hy) Volht)dt
= —% </ ©Qa(h) vol(h /M wPs(h vol(h))

1

Ty /M ¥ [Qz(eQ‘Ph) vol(e?#h) + Qa(h) VOl(h)] :

\
DN | =

This transformation law should be compared with Polyakov’s formula (1.2.37)
(combined with (1.2.38)) for the determinant of the Laplacian.

We continue with a discussion of the renormalized volume of g if the bound-
ary is a closed four-manifold. It will be useful to observe that the relation

Q1+ P2(Q2) = —Q3 + 1614

(see (1.6.30)) holds true not only in dimension n = 4 but in all dimensions n > 3.
This can be verified by a direct calculation. We write the relation in the form

Q4 - 161}4 = %JQ — AJ

and integrate over the closed manifold M™. Then

/ (Q4 — 16v4) vol = El/ J%vol
M 2 Ju
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for any metric h. Now we determine the infinitesimal conformal variation of this
identity. It will be convenient to use the abbreviations h = €2#h and h; = e*'#h.
In view of

@/ao ([ @uorvol(in)) = =) [ ou(myvol(o
(see [Br93]) and
(d/dt)o ( /M valhe) Vol(ﬁt)> — /M ova(h) vol(h)
(see the proof of Theorem 1.2.9) we find
n—4 -
(n—4) /M © (Q4(h) — 16v4(h)) vol(h) = T(d/dt)|0 (/M Jz(ht)vol(ht)> .
We divide the latter relation by n — 4 and set n = 4. This yields the relation
/M4 & (Qa(h) — 1603 () vol(h) = %(d/dt)\o ( /M4 JQ(Et)vol(ﬁt)) (1.6.50)
on any four-manifold. (1.6.50) implies

V(h) = V(h) = % /0 1 ( /M 2Qu(hy) vol(ht)) dt

312 (d/ds)lo < / 2( ht+s)vol(ht+é))d.

Now using the transformation law (1.2.23), the latter result simplifies to

V) -V = 5 [ o [Qulh)vol(h) + Qur) volh)]
- 3—12 J2() vol(R) = J2(R) vol(h)| .~ (1.6.51)

Again, the structure of this formula resembles the structure of Polyakov’s formula
in Theorem 1.2.7. A direct calculation shows that (1.6.51) coincides with a formula
in [G00], up to a correcting factor.

Note that we derived the identity (1.6.50) in dimension n = 4 through con-
sideration of related identities in dimension # 4. This method mimics a technique
which was used by Branson [Br93], [Br95] to derive conformal variational formulas
for determinants. The power of the method is even more apparent in the following
case.

The recursive formula (1.6.32) extends to general dimensions n > 5 (see
[JO9b]) and a calculation yields
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1
26319

x ( /MG 0 [Qﬁ(h) vol(h) + Qe(h) vol(h)} - /MG [m(iz) vol(h) — Re(h) vol(h)D

V (k)= V(h) =

with
Re = Q2(4Q4 + 3P2(Q2)).

The proof of this formula makes use of the relations

(d/dt)o ( ; Q6<ﬁt>vol<m>) ~ (n—6) /M #Qs(h) vol(h)

see [Br93]) and

(d/db)]s ( /M ve(he) vol(ﬁt)> — (n—6) /M ovs(h) vol(h). (1.6.52)

For proofs of (1.6.52) we refer to [CF08] and [G09]. In fact, an analog of (1.6.52)
for van, 2N < n leads to a natural analog of Theorem 1.2.9 for the functional

n—2N

/M Vo vol / < /]v [ Vol)

The above formulas should play a role in connection with the problem to
understand the extremal properties of the renormalized volume.




Chapter 2

Conformal holonomy

2.1 Cartan connections and holonomy groups

In this section we give a short introduction to Cartan connections and define their
holonomy groups. In particular, we explain the relation to holonomy groups of
principal fibre bundle connections and to holonomy groups of covariant derivatives
in associated vector bundles. Details can be found in [KN63], [Sh97] and [Ba09].

Let M be a smooth manifold and let £(M,z) denote the set of all piecewise
smooth loops in a point x € M. Usually, holonomy groups are defined by parallel
displacements along loops in x with respect to a connection form on a principal
fibre bundle or with respect to a covariant derivative in a vector bundle over M
given by the geometric structure in question. Let us briefly recall this in order to
fix some notation.

At first, we consider a vector bundle E over M with covariant derivative
VE. For any piecewise smooth curve v : [, 3] C R — M joining x = ~(a) with
y = v(08), the covariant derivative gives rise to a parallel displacement between
the fibres of E over z and over y:

PyE: E, — E,

. ) (2.1.1)

)

where ¢, : [a, 3] — E is the unique parallel section in F along v defined by

E
% =0 and ve(a) =e.

The holonomy group of (E,VE) with respect to the base point x is the Lie group
of all parallel displacements along loops in z:

Hol,(E,VF) :={PY" |y € L(M,z)} C GL(E,).
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Next, let (P, 7, M; B) be a principal fibre bundle over M with structure group
B. We consider a connection form A on P, i.e., a 1-form A € Q1(P, b) with values
in the Lie algebra b of B, which satisfies the invariance conditions

1. RFRA=Ad(b ')oA forall be B and
2. A(X)=X forall X €b,

where R; denotes the right action of b € B on the total space P of the principal
fibre bundle and X is the fundamental vector field of the B-action on P defined
by the element X € b,

X(u):= %(u . exp(tX)) o

Let u € P, := m~!(z) C P be a point in the fibre of P over z € M. The subspace
Tv P :=T,P, = {X(u)| X €b} C T, P

is called the wertical tangent space in u € P. A linear subspace H C T, P is called
horizontal, if T,,P = H ® Tv,P. The connection form A defines a right invariant
horizontal distribution Th® P on P by

Th*:u e P — Th? P:=ker A, C T, P.

On the other hand, any right invariant horizontal distribution Th : v € P +—
Th, P C T, P gives us a connection form A € Q(P,b) by setting

A (Y & X(u)) := X € b,

where Y € Th, P. A piecewise smooth curve 7 : [o, 3] — M with initial point
x = y(a) admits a unique horizontal lift v : [«, 5] — P with fixed initial point
u € P,, defined by the conditions

¥*(t) € ThiL(y P, w(y* (1)) =~(t) and 7"(a) =u.

Thus, for a curve v : [a, 5] — M, the connection form A on P defines a parallel
displacement between the fibres P, and P, of P by
PA. P, — P,

S ey (2.1.2)

If v is a loop in x, then the points u and P;“(u) lie in the same fibre P,. Hence
there is a unique element hol? () € B with

u="P3(u) - hol}}(7),
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called the holonomy of the loop v with respect to A and u. The holonomy group of
(P, A) with respect to the base point u is the Lie group of all of these holonomies,

Hol, (P, A) := {hol}(v) | v € L(M, z)} C B.

Now, let p : B — GL(V) be a representation of the Lie group B over a vector
space V. There is a standard way to associate a vector bundle E over M to the
principal fibre bundle P by means of p. The total space E is defined to be the
orbit space of the right action of B on P x V given by

(u,v) -b:= (u-b, p(b~ o), (u,v) € PXV be B.

We denote this orbit space by E := P xpV := (P x V)/B and the elements of
E by [u,v] :={(u-b,p(b=)v) | b € B} . Obviously, E is a vector bundle over M
with fibre type V' and projection 7g([u,v]) := 7(u). Any point u in the fibre P,
of P over x € M gives rise to a linear isomorphism

[u] :v €V — [u,v] € B, == 75" (2) (2.1.3)

between the fibre type V and the fibre E, of E. A smooth section ¢ in the vector
bundle E can locally be represented in the form ¢ = [s,v], where s : U C M —
P is a smooth local section in the principal fibre bundle P and v € C*°(U,V) is
a smooth function on U with values in the vector space V. Any connection form
A € QY(P,b) on P induces a covariant derivative V4 : T'(E) — I'(T*M ® E) by

Vi w =[5, X (v) + ps(A(ds(X)))v] , where ¢y = [s,v]. (2.1.4)

The formulas (2.1.1), (2.1.2) and (2.1.4) show that the holonomy groups of (F, V4)
and (P, A) are related by

Hol, (B, V4) = [u] o p(Hol, (P, A)) o [u] . (2.1.5)
Hence, if the representation p is faithful, the holonomy groups Hol,(E, V4) and
Hol, (P, A) are isomorphic.

Now, let us come to the objects of our interest, to Cartan connections and
their holonomy groups. In order to define a Cartan connection on the principal
fibre bundle P, we consider in addition a Lie group G that contains the structure
group B of P as a closed subgroup.

Definition 2.1.1. A Cartan connection of type G/B on the B-principal fibre bundle
P is a 1-form w € Q(P, g) on P with values in the Lie algebra g (!!) such that

1. Riw=Ad(b ') ow forall be BCG,

2. w(X)=X forall X ebCg and

3. wis a global parallelism, i.e., wy : T, P — g is an isomorphism for all u € P.
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Note that the third condition implies that the base manifold M has the same
dimension as the homogeneous space G/B. Furthermore, any vector Z € g induces
a global nowhere-vanishing vector field Z, on P by

Zo(1) = (wa)~1(2).

Hence, the manifold P is parallelizable, i.e., it has a global basis field. A Cartan
connection is called complete if all these vector fields Z,, are complete (meaning
that the integral curves of Z,, are defined for all parameters ¢t € R).

Let us consider two examples of Cartan connections:

Example 2.1.1. Let G be a Lie group and wg € Q'(G, g) its Maurer-Cartan form:
wg: X eT,G — dL,(X) € T.G = g.

If B C G is a closed subgroup, then the projection 7 : G — G/B gives rise
to a principal fibre bundle with structure group B over the homogeneous space
M = G/B. The Maurer-Cartan form w¢ is a complete Cartan connection of type
G/B on this homogeneous bundle.

Example 2.1.2. Let M™ be a smooth manifold, and let P be the frame bundle of
M. Then the tangent bundle of M is given by TM = P X qp,,) R". Furthermore,
let A € Q'(P,gl(n)) be an arbitrary connection form on P, and let § € Q' (P, R")
be the displacement form of P,

0,(X) :=[u] tdr,(X) weP, XeT,P. (2.1.6)

€ QY(P a(n)) is a Cartan connection of type

Then the l-form w := A+ 0
= GL(n) x R™ is the affine group and a(n) its Lie

A(n)/GL(n), where A(n) :
algebra.

Although, contrary to usual connections, Cartan connections do not allow
one to distinguish a right invariant horizontal distribution on P, one can define
the notion of a holonomy group also for Cartan connections using the development
of the connection form along curves. By the development of a 1-form along a curve
we understand the following: Let N be a manifold, and let o € Q'(N;g) be a 1-
form with values in the Lie algebra g of a Lie group G. For any piecewise smooth
curve A : [, 3] — N there is a unique curve A\, : [o, ] — G starting in the unit
element e € G such that

(01(1) = dLx, 1y w (X' (1)), (2.1.7)

where L, denotes the left multiplication with the element g € G. We call Ay :
[, B] — G the development of o along A and its endpoint

hol” () := Ao (8) (2.1.8)

the holonomy of A with respect to o.
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Example 2.1.3. Let G = (R™, +) be the additive group. Then the development of
a 1-form o € QY (N, R") along a curve A in N is the usual curve integral of o along
the curve A,

Ao (1) ::/ a(N(s))ds, and hol?(\) ://\a.

Example 2.1.4. Let wg be the Maurer-Cartan form of a Lie group G and A a curve
in G from go to g1. Then the development of wg along A is the curve A, given
by

)‘[wc](t) = go_l : )‘(t)

The holonomy is hol“%(\) = gy - g1. In particular, the holonomy of any closed
curve A with respect to wgq is trivial.

Now, let us come back to the B-principal fibre bundle P with a given Cartan
connection w € Q' (P, g). We fix a point u in the fibre P, over z € M and denote
by m(L(P,u)) the set of all loops in L(M,z) which admit a closed lift in L(P,u).
One observes that hol”(d;) = hol“(d2) for loops 61,82 € L(P,u) with the same
projection w o §; = wo de € L(M,x) . Thus, we can define the holonomy of a loop
v € m(L(P,u)) C L(M,x) with respect to w and u by

holy (y) :=hol*(¥) € G, where ¥ € L(P,u) and moq =~. (2.1.9)

The holonomy group of the Cartan connection w with respect to the base point u
is the group

Hol, (P,w) := {hol,(y) | v € n(L(P,u)) C L(M,z)} C G.
Hol,, (P, w) is an immersed Lie subgroup of G with the reduced holonomy group
Hol% (P,w) := {hol?(v) | v € £(M,z) null homotopic }

as connected component of the unit element. Holonomy groups for different refer-
ence points u are conjugated in G. Therefore, we often omit the base point and
understand the holonomy group as a class of conjugated subgroups in the group
G in question.

Example 2.1.5. Consider the Maurer-Cartan form wg as a Cartan connection on
the homogeneous principal fibre bundle (G, w, G/B; B). Then, by Example 2.1.4,
the holonomy group is trivial: Hol,(G,wq) = {e}.

Now, let p : G — GL(V) be a representation of the larger group G on a
vector space V. Of course, by restriction, this gives a representation of B on V
and an associated vector bundle

E:=PxpV.
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Bundles of this form (defined using a representation of the larger group G) are
called tractor bundles and play a crucial role in Cartan geometry — since, contrary
to the case of arbitrary associated vector bundles, on a tractor bundle there is a
covariant derivative associated to the Cartan connection w. To see this, we extend
the B-principal fibre bundle P to the G-principal fibre bundle P := P xp G.
There is an easy way to extend the Cartan connection w on P to a principal
bundle connection @ on P: First we use the Cartan connection w on P and the
Maurer-Cartan form wg of G to define a 1-form © € QY (P x G, g) by

D(ug) = Ad(g7") © (Tpw) (ug) + (TEWE) (ug)s (2.1.10)

where mp and 7 are the projections from P x G onto P and G, respectively.
The 1-form @ is invariant under the B-action on P x G and therefore projects
to a 1-form w € Q'(P,g). A direct calculation shows that @ is indeed a usual
connection form on the G-principal fibre bundle P. For the canonical embedding
L:u € P+ [u,e] € P obviously holds t*& = w. Since p : G — GL(V) is a
G-representation, we have the vector bundle isomorphism

EZPXBVZﬁXGV

Hence, any Cartan connection w € Q'(P,g) defines a covariant derivative V¢
on F via its extension to the principal fibre bundle connection w on P, namely
V¥ := V¥. According to formula (2.1.4), V¥ is given by

(V) =[5, X () + pu(w(ds(X)))e], (2.1.11)

where ¢y = [s,v] € I'(E|y) for a local section s : U — P and a smooth function
v: U — V. By definition, V% is a metric covariant derivative with respect to any
metric (-,-) on the bundle E, which is induced by a G-invariant inner product
(,)v on V, meaning that

X (o, 1) = (Vxp, ) + (0, Vi)

for all sections ¢, € I'(E) and vector fields X € X(M).

Problem 2.1.1. Show that there is a 1-1-correspondence between the set of Cartan
connections on P and the set of connection forms w on P with the additional
condition kerwNdu(TP) = {0}.

Example 2.1.6. We consider the situation of Example 2. Let P be the frame bundle
over M"™ with Cartan connection w = A + 0, where A is a connection form and
6 the displacement form on P. We realize the affine group A(n) as a subgroup of
the linear group GL(n + 1) by

A =z

(A,z) € A(n) = GL(n) x R" ( 01

) €GL(n+1)
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and consider its matrix representation p on R"*!. The restriction of this repre-
sentation to GL(n) decomposes into the sum R™ & R, where the first factor is the
matrix representation of GL(n) on R™ and the second the trivial representation.
Hence, the tractor bundle 7 associated to P using p is

T =P XGL(n) Rn+1 ~ TM@R,

where R denotes the trivial line bundle on M. For the tractor connection V* on
7T induced by w we obtain from (2.1.4), (2.1.6) and (2.1.11)

vw(z)_<v§2+fx)

A\ f X(f) ’

where f is a function and Z a vector field on M, and V4 is the covariant derivative
on the tangent bundle induced by A.

Next, let us discuss the relation between the holonomy groups of w, @ and
V¢ which we defined above!.

Proposition 2.1.1.

1. The connected components of the holonomy groups coincide;

Hol})(P,w) = Hol}, (P, ). (2.1.12)
2. If the structure group B of P is connected or if the base space M of P is
stmply connected, then

Hol, (P,w) = Hol, (P,w) C G, (2.1.13)
p(Hol, (P,w)) = [u] "' o Hol,(E,V¥*) o [u] C GL(V). (2.1.14)

Proof. Let v € L(M, z) be aloop in z which has a closed lift ¥ € L(P, ). First we
will show that the holonomy of such curves v with respect to the Cartan connection
w € QY(P,g) and the point u € P coincide with the holonomy of v with respect
to the connection form @ € Q(P, g) and the point U := [u,e] € P.

Let 4 : [, B] — P := P x g G be the w-horizontal lift of v in P with initial

point @. By definition of P we can represent the curve 42 in the form 1% = [7, 4] ,
where g:[a, 5] — G and g(a) = e. Then,

Y (B) = [7(B), 9(B)] = [u, 9(B)] = [u, ] - g(B) = w - g(B).

Hence, by definition, hol(v) = g(8)~!. Since 4 is T-horizontal, we obtain from
the definition of @ and formula (2.1.10

0 = @ae () (T(8)) = G500y (V(D): §(1) = Ad (971 (8)) w (F(2)) + w (4(1))-

1There are several authors in the literature who define the holonomy group of a Cartan
connection w to be the holonomy group of the induced principal bundle connection @. Proposition
2.1.1 shows how these different definitions of the holonomy group of a Cartan connection are
related.
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Therefore,

w(F(t)) = —Ad (9(t)) wa (§(t)) = —dRy-1(»§(t) = Ly -1a(t)

where a(t) := g(t)~!. Thus, a := g~ : [a, 8] — G is the development of w along
5. Using the definition of the holonomy of v with respect to w (cf. (2.1.7), (2.1.8)
and (2.1.9)) we obtain that hol?(y) = g(3)~" . Thus, hol?(y) = holZ(y) for all
loops v € L(M, x) which admit a closed lift ¥ € L(P, u).

It remains to show that L(M,z) = n(L(P,w)) if B is connected or if M is
simply connected. From the homotopy lifting lemma for fibrations follows that

m(L(P,u)) ={y € LIM,z) | [y] € my(m1 (P, u))}.

The exact homotopy sequence of the fibration (P,w, M;B) shows that the in-
duced map m; on the fundamental groups is surjective if the structure group B
is connected. Therefore, L(M,x) = w(L(P,u)) if the B is connected or if M is
simply connected. The statements (2.1.12) and (2.1.13) follow then from the defi-
nition of the holonomy groups in question. Statement (2.1.14) is a consequence of
(2.1.5). O

The correspondence of the holonomy groups allows us to translate the well-
known properties of holonomy groups of connection forms on principal fibre bun-
dles (resp. covariant derivatives) into properties of holonomy groups of Cartan
connections. In particular, the holonomy algebra is generated by the curvature.

In general, the curvature of a 1-form o € Q*(N,g) on a manifold N with
values in a Lie algebra g is the 2-form Q7 € Q?(N, g) defined by

1
Q% :=do + 5[0, o].
Hence, the curvature Q“ of a Cartan connection w € Q'(P,g) is a 2-form on P
with values in the Lie algebra g. The invariance properties of a Cartan connection
yield that its curvature is horizontal and of type Ad, meaning that

TvP 1 QY =0 and
RO =Ad(b HoQ¥ VbeB,

where TvP C TP is the vertical tangent bundle of P. We call w flat, if its curvature
is zero. For example, the Maurer-Cartan form wg of a Lie group G considered as
Cartan connection on the homogeneous bundle (G,w,G/B; B) is flat. For this
reason, the homogeneous bundle (G,w,G/B;B) with the Maurer-Cartan form
wg is called the flat model of Cartan geometry of type G/B. The Uniformization
Theorem in Cartan geometry says that — up to discrete groups — this is the only
situation where complete flat connections appear. More precisely:
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Proposition 2.1.2. (cf. [Sh97], chap. 5.5) Let (P, w, M; B) be a principal fibre bundle
with connected structure group B over a connected manifold M which admits a
complete flat Cartan connection w € QY(P,g). Then, there exists a connected
Lie group G with Lie algebra g, containing B as closed subgroup, such that M
is diffeomorphic to the locally homogeneous space I' \ G/B, where I' C G is a
discrete subgroup. Moreover, the B-bundle (I'\ G, pr,I'\ G/B;B) with the Cartan
connection wr\g, given by the Maurer-Cartan form of G, is isomorphic to (P,w).

The next proposition shows how the Lie algebra of the holonomy group of a
Cartan connection is determined by its curvature.

Proposition 2.1.3. Let w € QY(P,g) be a Cartan connection on the B-principal
fibre bundle P over M, and let w € P,. Then the Lie algebra of the holonomy
group Hol, (P,w) is given by

hol, (P,w) = span{Ad (holw()\)) o Q(X,Y) ‘ pe b XY el,P, } cg.

A path in P from u to p

Furthermore, if p: G — GL(V) is a G-representation, E := PXx gV the associated
tractor bundle, V¥ the covariant derivative on E induced by the Cartan connection
w and RV"(X,Y) := [ %, VY] — V‘[’JX y] its curvature endomorphism, then

UO[x(Ev vu) = span {,P,Yvul o R?YW (X, Y) o 'P,va

X, Y eTyM
~ path in M from x to y

Proof. Let @ be the connection form on the extended G-bundle P, induced by
the Cartan connection w (cf. formula (2.1.10)). Furthermore, let % := [u, €] € P.
According to (2.1.12), the Lie algebras hol,,(P,w) and hol(P,©) coincide. By the
Ambrose-Singer Theorem (cf. [KN63], chap. II, Th. 8.1) the holonomy algebra of
the connection form w is given by

= N % ,~ o | 3 w-horizontal path in P from @ to [p, g],
holz(P,w) = span{ (X,Y) ‘ XV e ng]? } )

Let 6(t) = [\(t),g(t)] be a path in P starting in @ = [u,e]. As in the proof of
Proposition 2.1.1 it follows that d(t) = [A(¢), g(¢)] is w-horizontal exactly if A is an
arbitrary path in P starting from u, and that a(t) := g(t)~! is the development
of w along A\. Thus

[p,a=1]

holg(ﬁwu):span{ﬁa (X.7) ' p€ P, a=hol”(\) for apath X in P }

from u to p , Y,? S T[pya—l]ﬁ

Using formula (2.1.10), we obtain for the curvatures of the Cartan connection w
on P and the induced connection form @ in P,

? (X, 7) = Ad(a) Q2(X,Y)

[p,a=?]
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with appropriate X,Y € T,,P. Hence,
hol, (P,w) = hol(P,w)
B w w pe P, XY eT,P,
= span {Ad (hol”(X)) 0 Q¥ (X,Y) A path in P from u top [

The second formula in the proposition results from the relation between the cur-
vature form Q¥ on the principal bundle P and the curvature endomorphism RV~
on E:

p(Q7(XY)) = [a) " o RY(X,Y) o [q],

where ¢ € P, and 7(X) = X, 7(Y) = Y € T, M. For the holonomy algebra we
have to take into account all points ¢ that arise by parallel displacement from u
along curves y connecting x with y in M, i.e., all points g with [¢] = PY" o [u].
This gives the second statement. O

In special situations there is a more appropriate formula for the holonomy
algebra of a Cartan connection. Let us denote by VF"d the covariant derivative in
the endomorphism bundle End(F) induced by V¥:

(VERdR) .= [V, F]=V% o F - FoV% for Fe€T'(End(E)), X € X(M).

Furthermore, we fix an arbitrary covariant derivative D on T M. For a 2-form o
on M with values in End(E) we define by induction

(§V1U)(X7 Y) = V\E/J'lnd(O-(X’ Y)) - U(DV1X’ Y) - O(X’ DV1Y)
and

(VE o)X, Y) = VEM((VEL ), 0)(X,Y)

- (v]\g/l_“lAVk,lo—)(DVkX?Y) - (vl\ﬂ/l_“lAVk,lo—)(X’ DVkY)
k=1

- Z(V"“/:_'l'DVkVL____Vk_la)(X,Y).
i=1

Proposition 2.1.4. Let V¥ be the covariant derivative on the tractor bundle E de-

fined by the Cartan connection w, and let x € M. Consider the following subspace
in GL(Ey):

= w XY Vi,... Vi €T, M

wY . k v s Ly V1, y VE T ;

bot, (5.7 = span { (¥, 17067 | 70 b

If the dimension of holl,(E, V) is constant in x, then this vector space coincides
with the holonomy algebra Yol ,(E,V¥). In particular, this is the case if all data
are analytic.
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Proof. This is a translation of the corresponding statements for the infinitesimal
holonomy group of affine connections in [KN63], vol.1. O

Finally, let us state the basic relation between the holonomy group of a
Cartan connection w and V“-parallel sections in the associated tractor bundles.

Proposition 2.1.5. Let w be a Cartan connection on the B-principal fibre bundle P
over M, E = P xgV a tractor bundle associated to P, V¥ the induced covariant
derivative on E and u € P, a fixed point. Let B be connected or M be simply
connected. Then there is a 1-1 correspondence between the space of parallel sections

{p e (E) | V¥ =0}

and the space of holonomy invariant vectors

{v eV |p(Hol,(P,w))v=nuv} Y {e€ E; | Hol,(E,V¥)e = e}.

Proof. For v € V we define a section ¢, € I'(E) by the parallel transport of the
element e = [u, v] € E, with respect to V¥:

ou(y) == wa(e) €Ey,,

where 7 is a curve in M from z to y. The section ¢, does not depend on the choice
of 7y, ¢, is parallel and the map v — ¢, is bijective between the space of holonomy
invariant vectors and the space of parallel sections. O

This proposition shows, on one hand, how useful the knowledge of the holon-
omy group is if one wants to determine the spaces of parallel sections. The task
to solve the differential equation V¥ = 0 reduces to a problem of linear algebra.
On the other hand, if one has a special kind of geometry (for example conformal
geometry) which is characterized by the Cartan connection w, then the holon-
omy group — by its fixed vectors on a representation space — defines distinguished
geometric invariants (V“-parallel object) of the manifold.

2.2 Holonomy groups of conformal structures

In this section we consider special Cartan connections which are associated to
conformal manifolds. A conformal manifold of signature (p,q) is a pair (M,c),
where M is a smooth manifold of dimension n = p+¢ and ¢ = [g] is an equivalence
class of metrics of signature? (p,q). As we already explained in Chapter 1, two
metrics g and ¢ are called equivalent if g = fg for a positive smooth function f
on M. We always assume n > 3 for the dimension of M.

In (pseudo-)Riemannian geometry, there is a distinguished covariant deriva-
tive on the tangent bundle (and a corresponding distinguished connection form

2Here p denotes the number of —1 and ¢ the number of +1 in the normal form of the metric.
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on the frame bundle) of M associated to a metric g, the Levi-Civita connection,
which is used to define isometry invariant geometric objects on (M, g). Contrary
to that, there can’t be a distinguished covariant derivative on the tangent bundle
(or a connection form on the frame bundle) of M depending only on the conformal
structure ¢ = [g] itself, since one needs derivatives up to second order to determine
conformal diffeomorphisms uniquely.

There are several ways to do differential geometry on conformal manifolds.
One is to define conformally invariant objects using a metric g € ¢ and to prove
then that the defined object is independent of the choice of the metric g € ¢. This
often leads to long calculations and the geometric meaning of the object sometimes
remains in the dark. Another way is to define the geometric objects from the
beginning using only the conformal class ¢ and not a single metric. For this purpose
one can use the conformally invariant differential calculus for conformal manifolds
which is provided by Cartan geometry. In this approach the bundle of frames
on M is replaced by a larger bundle P!, which is obtained from the conformal
frame bundle by a process called first prolongation. This first prolongation admits
a distinguished Cartan connection, the normal conformal Cartan connection w™",
which in conformal geometry plays the same role as the Levi-Civita connection
plays in (pseudo)Riemannian geometry. It is used to define conformally invariant
differentiations on all tractor bundles defined on conformal manifolds. In analogy
to (pseudo)Riemannian geometry, it is then natural to define the holonomy group of
the conformal manifold (M, ¢) to be the holonomy group of this normal conformal
Cartan connection?:

Hol(M, ¢) := Hol(P*,w"").

The aim of this section is to give an introduction into this conformally invariant
approach. In particular, we will define the normal conformal Cartan connection
and describe the induced covariant derivative in the associated tractor bundles.
For further reading and detailed proofs we recommend the book [CS09].

2.2.1 The first prolongation of the conformal frame bundle

First, we want to describe the groups B and G (compare Section 2.1) which are
used in conformal geometry. In Section 1.1 these groups were already considered for
Riemannian signature. In this case, G is the group of all conformal diffeomorphisms
of the sphere S™ with the conformal structure given by the round metric and
B C G is the stabilizer of a point. In order to fix the notation and sign conventions
of this chapter, we will shortly describe the groups G and B and its Lie algebras
again for arbitrary signature. For this purpose, let us consider the isotropic cone

CP1 = {z € RFFVIFIN{0} | (2, 2)p41,441 = 0}

3For the precise definition see Definition 2.2.3
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in the pseudo-Euclidean space (RPT1at1 (. ) 1y 1 1). The projective light cone
QP71 := PCP? can be equipped with a conformal structure ¢ of signature (p, q):

c:= [:u*<'a '>P+17Q+1] ’

where p1 @ QP9 — C%? is an arbitrary section from the projectivization into a
fixed component C¥'? of the cone. The conformal manifold (Q™,c) is called a
Moébius sphere of signature (p, q). For Riemannian conformal structures (signature
(0,n)), the Mdbius sphere is diffeomorphic to the sphere S™ equipped with the
conformal class of the round metric. Moreover, as we learned in the first chapter, it
is the conformal boundary of the hyperbolic space H™t! as well as the conformal
compactification of the Euclidean space R™. For Lorentzian conformal structures
(signature (1,n — 1)), the Mobius sphere is diffeomorphic to (S x S"~1)/Z, with
the conformal class of the product metric. In physics literature this space appears
under the name 'Einstein universe Ein,,’. It is the conformal boundary of the Anti
de Sitter space AdS™t! as well as the conformal compactification of the Minkowski
space RLn—1,

Problem 2.2.1. Prove that there is an embedding ¢ : RPY — QP4, such that
((RP9) C QP17 is an open, dense set and (-,-)pq € t*c. Describe the boundary
O L(RPT) = QP2 \ L(RP9) C QP17 in the Riemannian and in the Lorentzian case.

For convenience, we will work in this chapter with the following basis of
RPTL4TL We fix an orthonormal basis (eq,...,€p, €pt1,...,€np1) in RPFLITL
where the first p+ 1 vectors are timelike, and denote by fy and f, 11 the isotropic

vectors

1 1
fo:= E(enﬂ —eo) and  fpy1:= ﬁ(enﬂ +eo).

Then RPHLITL = Rfy @ RPY @ Rf,11, where RP? = span(eq,...,e,). In the
following we will write all linear maps on RPT149%1 as matrices with respect to the
basis (fo,e1,...,€n, fa+1). The Gram matrix of (-, )pt+1,4+1 With respect to this

0 0 1 1L, 0

basis has the form (0 Ip,a 0) where J,, = < o I ) and Iy is the identity
q

1 0 0
matrix with & rows. For a row vector z € (R™)* let z* := J, ,2*. For a column
vector x € R” let 2” := 2], .

Let O(p+1, ¢+ 1) be the pseudo-orthogonal group of signature (p+1, ¢+ 1).
The group G one works with in conformal geometry is the M6bius group, i.e., the
group G :=PO(p+1,¢q+ 1) := O(p+ 1,¢g+ 1)/{x1}. This group is isomorphic
to the group Conf(Q?9,c) of all conformal diffeomorphisms of the Mébius sphere
(cf. the explanation in Section 1.1 for the Riemannian case or [Sch97], Chapter 2).
The Mobius group acts transitively and effectively on QP?. We denote by B C G
the stabilizer of the isotropic line p, := Rfy € QP'9. Hence, QP? ~ G/B. A direct
calculation shows that the group B is isomorphic to the following subgroup of the
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matrix group O(p + 1,q + 1) (with respect to the basis (fo,e1,...,€n, fnt1):

at v —3alv,v),, a€RT
B = 0 A —aAvt A€ O(p,q) CcO(p+1,q+1).
0 0 a v € (R™)* row vector
The subgroup
a”l 0 0
a €RT
By := 0 A0 CB

is isomorphic to the linear conformal group

CO(p,q) :={A € GL(n) |30 >0: (Az, Ay)pq = 0(z,y)pq YV z,y € R"}
~R* x O(p, q).

The subgroup

I w _% <Uv v>P;q
B = 0 I, —of | ve(R™)* row vector CB
0 0 1

is an abelian subgroup of O(p + 1,q + 1), which is normal in B. Then B/B; =~
By ~ CO(p, q), where the projection from B to By corresponds geometrically to
the mapping f € {¢ € Conf(Q",¢) | ¢(psc) = poo } > dfp., € CO(Tp,, Q7).

Next, let us describe the structure of the Lie algebra g of G. g = o(p+1,9+1)
is a |1]-graded Lie algebra. It decomposes into a sum of subspaces

g=b_1®by® by with [bi,b]‘]g C bi+j,

where b is the Lie algebra of By, by is the Lie algebra of B; and b = by & by is
the Lie algebra of B. In terms of matrices

—a =z 0
R™, z € (R™)*
— MJT, A,G,Z = T A —Zu T € ) )
g (2,(4,a), 2) o a€R,A€o(pq)

b_y = {M(z,(0,0),0) [z €R"} =~ R",
b ={M(0,(0,0),2) | z € (R")*} ~ R"™, (2.2.1)
bo :{M(O,(A,a),O) |Aco(p,q),acR} ~ co(p,q).

For elements x € b_1, (A,a) € by, z € by we have

[(4,a),2] = ax + Az eb_q,
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[(4,a),2z] = —az — zA € by, (2.2.2)
[z,2] = (x2 — 2%2°, zz) € by.

We identify by and b* ; using the Ad(By)-equivariant isomorphism ¢ given by the
Killing form By of g,

1
d(2)x = %Bg(x,z) , x€b_q, z€by.

This corresponds to the standard dual pairing between R™ and (R™)*. The adjoint
representation of By on b_; yields an isomorphism between By and the group of
linear conformal isomorphisms of (b_; = R"™, (-, )p.q4)-

Now, let (M™,c) be an arbitrary conformal manifold of signature (p,q) and
dimension n = p+ ¢ > 3. We call a frame (z;s1,...,8,) on M a conformal frame,
if the vectors (s1,...,s,) form a pseudo-orthonormal basis in T, M with respect
to a metric ¢ in the conformal class c. We denote by 70 : PY — M the bundle of
all conformal frames of (M, ¢). This bundle is a reduction of the frame bundle of
M to the linear conformal group By = CO(p,q) C GL(n).

The basic B-principal fibre bundle over M, which is used in conformal geom-
etry, is obtained from the conformal frame bundle P° by first prolongation. There
are several equivalent models for the first prolongation of P°. We will describe the
first prolongation using horizontal subspaces in the tangent space of P°.

For this purpose, let © € P° be a conformal frame in x € M. As we already
explained, by a horizontal subspace H C T,,P° we mean a subspace that is comple-
mentary to the vertical tangent space Tv, P C T,,P°. To any horizontal subspace
H C T,,P° we can associate a 2-form t(H) € A%(b* ;) ® b_1, called the torsion of
H, which we want to define now: First, note that the identification between the
matrix representation of By on R™ and the adjoint representation of By on b_;
allows us to represent the tangent bundle of M in the form

TM = PO X(Bo,Ad) b_l.

In this representation the displacement form 6 (cf. Example 2.1.2) is a 1-form on
PO with values in b_1:

0, (X) := [u] Hdnl(X) € b_4 for ue P°, X € T, P°.

In particular, 6|y : H — b_; is an isomorphism for any horizontal space H C
T.P°. Thus, we can define the 2-form t(H) € A%(b* ;) ® b_1,

HH) (v,w0) = 8., ((0)) (), (0) " (w)) €61, vw by,

A horizontal space H is called torsion free, if t(H) = 0. With this preparation we
can define the first prolongation P by

Pl = {H c T,P° | u € P° and H horizontal and torsion free }.
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There are natural projections
7|'1 7!'0
T Pl — PO — M .
HcT,P° — uweP! — z

The projection 7 : P! — M is a principal fibre bundle with structure group B,
whereas 7! : P! — P is a principal fibre bundle with structure group B;. Let us
explain the action of B on P'. Any element b € B = By x B; can be represented
by b = bg - exp(Z), where by € By and Z € by. An element by € By ‘transports’
the horizontal space H C T,,P° into the point uby using the right action of By on
PO

H - by := dRy, (H) C Tup, P°. (2.2.3)

An element exp(Z) € By acts on P! by ‘rotating’ H inside T, P%:

H-exp(Z) :={X +[Z,0(X)],(u) | X € H}. (2.2.4)

The bundle (P!, 7, M; B) is called the first prolongation of the conformal frame
bundle P°. Tt is the basic bundle that is used in conformal differential geometry.
Here the Cartan connections live, in particular the distinguished normal Cartan
connection of conformal geometry. If one wants, one can view the bundle P! as a
substitute for the collection of all the horizontal spaces given by the Levi-Civita
connections of the metrics g € c.

Problem 2.2.2. Check that (P', 7, M; B) is indeed a B-principal fibre bundle.

Problem 2.2.3. What is the first prolongation P of the Mébius sphere QP4 = G/ B
with its canonically given conformal structure ¢

2.2.2 The normal conformal Cartan connection — invariant form

In order to distinguish a special Cartan connection, we first describe a certain
affine subspace of the space of all Cartan connections of type G/B on P!, the
space of admissible Cartan connections. Let w € Q1 (P1, g) be a Cartan connection
on P!. With respect to the grading g = b_; © by @ by, the 1-form w splits into the
components

w=w_1BwyDws.

The invariance properties of a Cartan connection show:

1. w(Z(H)) = Z € by for all Z € by. Hence, w_; and wo vanish on vertical
vectors of 7! : Pt — PO,

2. For by = exp(Z) € Bj it holds that

Ri w=Ad(b;")ow
= Ad(exp(—2)) ow
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— o—ad(2) o,

1—ad(2)+ % ad(Z)2> ow

w1 ®(wo— [Zowna]) © (wn — [Z,00] + 1|2, [Zwoa]).
€b_y €bo

{

€by

In particular, w_; is Bj-invariant and horizontal in 7! : P! — PO, therefore, it is
a lift of a 1-form on P°.

Definition 2.2.1. A Cartan connection w € Q!(P!, g) is called admissible, if w_;
and wyg satisfy the following conditions:

1. w1 = (7')*0, where 6 is the displacement form of P°.

2. Let £ € TyP*. Then the element (wg)g(€) € bg is given by the vertical part
of the vector drk (&) € T,P° = H @ Tv,P%

drt;(€) = horizontal part in H + (wmg)(u) .
—_———

vertical part

Clearly, two admissible Cartan connections differ only by the b;-component.
Let us note that the curvature form Q% of any admissible Cartan connection w
takes its values in the subalgebra b C g. To see this, remember that the 2-form
Q¥ is horizontal with respect to the B-bundle 7 : P! — M, and check for the
b_i-part of the curvature form the formula

Q) u&n) =t(H)(v,w), where wgy(§) =v, wy(n) =w € b_;.

The normal conformal Cartan connection is an admissible Cartan connection,
which is uniquely determined by an additional ‘trace’ condition on its curvature.
To state this condition briefly, we consider the codifferential operator

a:; : 92(Plag) - Ql(Plvg)a

given by

n

Ormu(X) = Z {vf,n(X,w;Il(vi))] HcP X eTyPt,
i=1 g
where (v1,...,v,) is a basis in b_y ~ R™ and (vf,...,v}) is the dual basis in

Proposition 2.2.1. There is a unique admissible Cartan connection w € Q(P*, g)
such that its curvature form Q¥ € Q2?(PL,g) satisfies 950 = 0.
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Proof. Admissible Cartan connections w satisfy Q¢; = 0. Furthermore, by is
abelian. Hence, for admissible Cartan connections the condition 95Q“ = 0 is
equivalent to

n

S [v;,Qg (X, wﬁl(vi))]g —0 VHeP!,XeTyP, (2.2.5)

=1

where Q) denotes the bg-part of the curvature. Using the Lie algebra structure of
g and the formulas for w_; and wqy from Definition 2.2.1, one can show that the
condition (2.2.5) determines wy uniquely. For details cf. [K72] Th. IV.4.2, [CSS97],
or [Fe05], chap.6. O

Definition 2.2.2. The unique admissible Cartan connection w € Q(P?, g) satis-
fying the curvature condition 0}Q“ = 0 is called the normal conformal Cartan
connection. We will denote it by w™".

We defined the normal conformal Cartan connection starting with a confor-
mal manifold (M, ¢). In Cartan geometry often the opposite viewpoint is used. One
works with an arbitrary B-principal fibre bundle (P, 7, M; B) over a manifold M
and a Cartan connection w € Q(P, g), where the groups G = O(p+1,¢+1)/{£1}
and B = G,__ are as above. In this case, PY := P/Bj is a By-principal fibre bundle
over M. The b_j-part w_; of the Cartan connection projects down to a 1-form
6 € QY(PY b_1) of type Ad with the vertical tangent bundle TvP° as kernel. Such
a pair (P, 0) defines a reduction of the frame bundle of M to the linear conformal
group CO(p, q¢) = By, which determines a conformal structure ¢ on M. These two
approaches are equivalent. If P! is the first prolongation of the conformal frame
bundle of (M, ¢) for this conformal structure ¢ and w satisfies the normality condi-
tion 9 Q¥ = 0, then there exists a principal fibre bundle isomorphism ¢ : P — P*
such that ¢*w™" = w.

Problem 2.2.4. What is the normal conformal Cartan connection for the Mobius
sphere QP = G/B ¢

A Cartan connection of type G/B depends by definition only on the Lie
algebra g of G. Hence, there are several possibilities of choosing G with Lie algebra
g. Since in the conformal case the stabilizer group B C O(p+ 1,q+ 1)/{%1} can
be realized also as a closed subgroup of the matrix group O(p+ 1,¢ + 1), we will
view the normal conformal Cartan connection w™°" in the following as a Cartan
connection of type O(p+ 1, ¢+ 1)/B. In particular, we define the holonomy group
of the normal conformal Cartan connection w™°" as a subgroup of the matrix group
O(p+1,q+1):

Holgy (PY,w™") c O(p+1,q+1), HeP.
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2.2.3 The normal conformal Cartan connection — metric form

For many applications it is useful to describe the invariantly defined normal con-
formal Cartan connection w™" and the induced covariant derivative on tractor
bundles in terms of the metrics ¢ in the conformal class c.

Let us recall again the notation for the various curvature tensors, which we
used already in Chapter 1. We will denote by RY the curvature endomorphism
given by the Levi Civita connection V9 of g,

RI(X,Y) = V4V — VEV% — Vi 1

by Ric? the Ricci tensor and by scal® the scalar curvature
Ric?(X,Y) := trace (Z — RI(Z,X)Y),
scal® := tracey Ric? .

P9 denotes the Schouten tensor*

1 1
PI .= ic) ——————scal® - .
n—2 <RIC 2(n—1) sea g>

We often consider the Schouten tensor as an endomorphism P9 : TM — T*M,
using the identification P9(X)(Y) := P9(X,Y"). The skew-symmetric derivative of
the endomorphism P9 gives the Cotton-York tensor, C9

CIX,Y) = VL (P)(Y) — VI (PY)(X).

Finally, W9 is the Weyl tensor considered as a 2-form with values in the g-skew-
symmetric endomorphism on T'M,

WI(X,Y) := RIX,Y)+ X @PI(Y)! +PIX)@Y —PI(Y)@ X — Y @ PI(X)*,

where X" for a vector field X denotes the dual 1-form X°(Z) := ¢(X, Z), and pf
for a 1-form u denotes the dual vector field u(Z) = g(uf, Z).

Before we describe the normal conformal Cartan connection in its metric
form, we show how torsion-free connection forms on the conformal frame bundle
PY over (M, c) induce admissible Cartan connections on the first prolongation P?.
Let A € QY(PY bg) be a connection form on the conformal frame bundle P° and
6 € Q1(P° b_1) the displacement form as above. The torsion of A is by definition
the 2-form T4 € Q?(P° b_;) with

T4 :=do + [A,6).

If T4 = 0, we call A torsion free. The connection form A defines a right invariant
distribution of horizontal spaces H, := ker A, C T,,P°. One easily checks that

t(H,)(0(X),0(Y)) = TA(X,Y), X, Y € T,P°.

4Note that several authors use the other sign for the Schouten tensor.



98 Chapter 2. Conformal holonomy

Therefore, any torsion free connection form A on PY defines a By-equivariant
smooth section
ot PO — pt
u +—— kerA,

in the Bi-bundle 7! : P! — PY (and vice versa).

Proposition 2.2.2. For any torsion-free connection form A € QY(P° bg) there
exists a unique admissible Cartan connection w? € QY (P, g), such that

(c?)*wh =60+ A. (2.2.6)

Proof. Let 0 : P® — P! be the By-equivariant section defined by A. We consider
the map 7 : P! — by, given by

H = O'(?Tl(H>> -exp(T(H)) VvV HePl
and define w? € Q1 (P!, g) by
w;—q(u) = ((7‘(‘1)*9)0(“) =+ ((Wl)*A)U(u) + dTa(u) u e 7)0,
wip = Ad(bT 1) o w0 dRy s H=o(u) b € P

A direct calculation shows that w is an admissible Cartan connection. Obviously,
(6wt =0+ A. O

Now, let us consider a metric g in the conformal class c. We denote by
P9 C P° the subbundle of all g-orthonormal frames and by A9 the Levi-Civita
connection of g on P9 (which extends to a torsion-free connection on PY). The
choice of g € ¢ gives us two data:

1. A reduction of the B-bundle P! to the bundle of g-orthonormal frames P9,

g9

; A
T o
o9: P9 — P I Pl

2. An admissible Cartan connection w?’ on P! with (09)*w?’ =6 + A9.

. . . 9
Next, we compare the admissible Cartan connections w™” and w?’. As we

saw, both Cartan connections differ only by the bj-part. To describe this difference,
we fix an orthonormal basis (e1,...,e,) in (b_y = R",(:,-)p4) and denote by

*

(e1,...,e:) the dual basis in by ~ b* ;. Let u = (s1,..., $,) be a conformal frame
in a point x € M. Recall that we identified the tangent bundle TM with the
associated bundle P° xp, b_; in such a way that s; = [u,e;]. If u € P9 C PO,

then (s1,...,$n) is g-orthonormal.
Proposition 2.2.3. Let g be a metric in the conformal class c¢. Then the normal
conformal Cartan connection is given by

n

Wi (€) =wii (&) = Y Pi(dmu(€),s;) €} for £ € TuP", (2.27)

Jj=1
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where ¥ = w(H) and (s1,...,8,) = 7' (H). In particular, if 09 : P9 — Pl is the
O(p, q)-reduction of P! given by the metric g, then

((09) @™ )u(X) = 0u(X) + AL(X) = > PY(dr)(X),55) €] , (2.2.8)

j=1
where X € T,P9, u = (s1,...,5,) € PI and v = 7°(u).

Proof. The calculation of the difference w™” — w4’ which is a 1-form on P' with
values in by, is straightforward. Details can be found in [CSS97] or [Fe05], Satz
6.8. Formula (2.2.8) follows from (2.2.6) in Proposition 2.2.2. O

2.2.4 The tractor connection and its curvature

As we explained in Section 2.1, any Cartan connection on P! defines a covariant
derivative on an associated tractor bundle. In this section we want to express the
covariant derivative, induced by the normal conformal Cartan connection, and its
curvature in terms of a metric g in the conformal class c.

Let p: O(p+ 1,94+ 1) — GL(V) be a representation on a vector space V,
E = P! xpV the associated tractor bundle over the conformal manifold (M, c)
and V™" : T(E) - I'(T*"M ® E) the covariant derivative on E induced by
the normal conformal Cartan connection w™°" according to (2.1.11). We fix again
a metric ¢g in the conformal class c. As we saw in Section 2.2.3, the choice of g
allows us to reduce the bundles P° and P! to the bundle of g-orthonormal frames
P9. Hence, the vector bundles E, TM, T*M and the bundle so(T'M, g) of skew-
symmetric endomorphisms on (T'M, g) can be expressed as bundles associated to
the O(p, ¢)-bundle P9:

E =P X 0@ma.n Y
TM =P X (0(p,q),Ad) b1,
T*M = P9 X (0(p,q),ad) b1,
50(TM, g) = P? X(0(p.q),Ad) 50(D; q)-

We denote the covariant derivative in F, induced by the Levi-Civita connection
of g, with the (same) symbol V9 :T'(E) - I'(T*M ® E) (cf. (2.1.4)). Moreover,
the representation p induces g-dependent maps
p?:TM — End(E,E),
p? :T*M — End(E,E),
p? :s0(TM,9) — End(E,E).

To define these maps, choose a frame u € PJ and set

(0 i= |u,p ([0 ) [u] ] € B, (2.2.9)
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where ¢ € F, and T is a tangent vector, a covector or a skew-symmetric map in
x, respectively. It is easy to check that the right-hand side does not depend on the
choice of u € PJ. We obtain the following ‘metric’ formula for the normal tractor
derivative V™" : T'(F) — I'(T*M ® E) and its curvature endomorphism

-RTL()'I"(‘)(7 Y) [VTIOT' 'I’LOT‘] 'f’LxOfy] .

Proposition 2.2.4. Let p : O(p+ 1,¢ + 1) — GL(V) be a representation and
E := P! xg V the associated tractor bundle. Then, for any metric g € c, the
covariant deriwative induced on E by the normal conformal Cartan connection is
given by

VI = VY + p?(X) — p?(P9(X)), (2.2.10)
R™(X,Y) = p?(WI(X,Y)) — p?(CI(X,Y)). (2.2.11)

Proof. Let ¢ € T'(E) be locally represented by ¢y = [u,v] = [09 o u,v] , where
u: U — PY is a local smooth section in P9 and v : U — V is a smooth function.
Then, from the formulas (2.1.4), (2.1.11), (2.2.8) and (2.2.9) we obtain

V5T (2.111) {u, X(v) + p« (w"or(d(ag o u)(X)))v}

(2.2.8)

29 [, X (0) + p. ((du(X)) + A?(du(X Z (X.55)¢;) v]

CLY %0+ [ pe ([71X) 0] = [ e ([0l (PA(X) ) o]
#2999+ p2(X)6 — 0 (PY(X))0.
Inserting (2.2.10) into the formula for the curvature endomorphism R™" gives
R™(X,Y) = RV (X,Y) + [p(X), 0 (V)] + [p(PY(X)), p (P (V)]
~ [p(X), p? (P(Y)] — [p*(PY(X)), p* (V)]
+ V&% P (V)] + [p9(X), V3] = p?([X,Y])
— [V%. 07 (PU(Y))] — [p(PY(X)), V4] + o (P([X, Y))).

Using (2.2.9) for the endomorphism p?, formula (2.2.2) for the Lie bracket [b_1, b1]4
and taking into account that the subalgebras b_; and by of g are abelian, we obtain

R"(X,Y) ZRVQ(X Y) = [p?(X), p!(PY(Y))] + [p?(Y), p? (PY(X))]
P’ (C(X,Y))

= p!(WH(X,Y)) = p?(CU(X,Y)) . L
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Now, we apply these formulas to the standard representation p, given by the
matrix action of O(p + 1,¢q + 1) on RPTL4+1 We denote the associated tractor
bundle by

T(M)="P! xp RPTLat!

and call it the standard tractor bundle. The scalar product (-, -),41,4+1 on RPFLIH
induces a bundle metric (-,-) on 7 (M). The normal covariant derivative V™°" on
T (M) is metric, i.e.,

X((¢,9) = (VX" ¥) + (&, VX 9).

We fix again a metric ¢ in the conformal class ¢ and reduce P! to the frame
bundle P9. If we restrict the representation p to the subgroup O(p, ¢), we obtain
the splitting
Rp+1.9+1 ~ RPRPIPR
af0+y+/6fn+1 = (avyaﬂ)

into three O(p, ¢)-representations, where O(p, ¢) acts trivially on both 1-dimensio-
nal summands and by matrix action on RP'?, Hence, any metric g in the conformal
class ¢ defines the following splitting of the standard tractor bundle,

T(M) £ ReTM &R (2.2.12)

where R denotes the trivial line bundle over M. In this identification the bundle
metric is given by

((01,Y1,01), (a2,Y2,082) ) = a1 f2 + a2 + g(¥1, Y2).

Proposition 2.2.5. If g and § = e>?g are two metrics in the conformal class c, then
the metric representations of a standard tractor transform in the following way:

RaTMaR 2T(M)L ReaTMaR
a a e (a—Y(p) — 35 grad’yll;)
Y — V| := e ?(Y 4 Bgrad?y)
B B e’
Proof. Let u = (s1,...,8,) and u = (e~ %s1,...,€"%s,) be a local orthonormal

basis for g and g over U C M, respectively. Then u = u - by, where

e? 0 0
bp=(€e"%L,)=(0 I, O € By.
0 0 e*¥

For the sections o9 and o9, which define the reduction of P! to P9 and P9,
respectively, one obtains

o9(W) = o9(u) - by = 09(u) - exp(Z) - by,
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where Z takes its values in by. With the transformation formula for the Levi-Civita
connection of g and ¢ and the formulas (2.2.3) and (2.2.4) for the action of B on
PL, one proves Z = [u]~'dyp. Hence,

Cfe ety —1e|dgl?
od(u)=0%wm)-| 0 L, [u] ! grad?e
0 e’
=:beB

By definition, the metric representation of a standard tractor ¢ with respect to g
is given by

(6%
olu = [0%(u),afo+ > yiei + Bfust] o 21 yisi
i=1 =
8

Now, the proposition follows from the representation of ¢ in both reductions:

0'§ u ,(&fo—i—ﬂ-ﬁ* 5f71/+1)]- O

Next, we calculate the metric form of V™" on 7 (M). Let X be a vector
field, p a 1-form on M and T a g-skew-symmetric endomorphism on T'M. Using
(2.2.1) and (2.2.9), we obtain for the endomorphisms p9(X), p? (1) and p9(7) the
following formulas on sections of 7 (M), represented as a triple («, Y, 3) of two
functions «, 8 and a vector field Y on M:

o) 0 o w(Y)
(X)) Y| = aX P Y ] = | B,
B —9(X.Y) B 0
« 0
()| Y | =|7(Y)
3 0

Using these formulas in Proposition 2.2.4, we obtain for the normal derivative
V™" on the standard tractor bundle the following

Proposition 2.2.6. Let g be a metric in the conformal class ¢ and consider the

corresponding splitting T (M) £ ReTMBR of the standard tractor bundle. The
smooth sections of T (M) are identified with triples (Y, 3), where o and 3 are
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smooth functions and Y is a smooth vector field on M. Then the tractor derivative
V™ induced on T (M) by the normal Cartan connection w™" is given by

! X(a) = PI(X,Y)
Vel Y | =| VLY +aX +B8PI(X)F |. (2.2.13)
B X(B) —9(X,Y)
The curvature endomorphism of V™" satisfies
« —Cg(Xl, XQ)Y
R (X1, Xo) [ YV | =] WI(Xy, Xo)Y +3C9(X1, X0)* |. (2.2.14)
B 0

Finally, we give the precise definition of what we mean by the holonomy
group of a conformal manifold.

Definition 2.2.3. Let (M, c) be a conformal manifold of dimension > 3. The con-
formal holonomy group of (M, ¢) with respect to the point « € M is the group

Hol, (M, ¢) := Hol, (T (M), V"™") C O(T (M), (-, )z)-

2.3 Conformal holonomy and Einstein metrics

The conformal holonomy group is an invariant of the conformal structure. Hence,
it is natural to ask what information about the conformal structure is encoded in
this holonomy group. In the present section, we shortly review some recent results
concerning the relation between the conformal holonomy group of (M, ¢) and the
existence of Einstein metrics in the conformal class c. We only sketch the idea of
some of the proofs. For more detailed explanations and proofs we recommend the
papers of S. Armstrong [Ar07], [Ar06] (Riemannian case), F. Leitner [L05a], [L0O7]
(arbitrary signature) and T. Leistner [Lei06] (Lorentzian case).

We begin with the following remarkable relation between Einstein metrics
and parallel sections in the standard tractor bundle 7 (M), which is a direct app-
lication of the ‘metric’ formula for the tractor connection V™" on 7 (M) (cf.
Proposition 2.2.6).

Proposition 2.3.1. Let (M,c) be a conformal manifold of dimension > 3. If the
conformal class ¢ contains an FEinstein metric g, then there exists a mon-trivial
section ¢ € T(M) with V™ ¢ = 0. On the other hand, if we suppose that there
exists a nontrivial V"™°" -parallel section ¢ € T (M), then there is an open dense

subset M C M and an Einstein metric g in the conformal class i In both cases,
for the scalar curvature scal® of g it holds that:

e scal® >0 & ¢ is timelike.
e scal® <0 & ¢ is spacelike.
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e scalt =0 & ¢ is lightlike.

scal®
n

Proof. Let g € ¢ be an Einstein metric. Then Ric? = g and therefore the

Schouten tensor PY is a multiple of the metric g,

1
Py = n(n—1) scal® - g.

Hence, decomposing 7 (M) with respect to g as it was described in the latter
section, we obtain

« X(a) - 2;&:2%1)9()(3 Y)
VET| Y [ =] V&Y +aX + 22X
Z X(8) - g(X,Y)

_ scal8
Now, consider the non-trivial section ¢ < ( et ) € T(T(M)). Since the
1
scalar curvature is constant, we obtain

0 0
nor scal® cal®
VX" = _2n(n71)X + 2ns(n71)X = 0
0 0
Furthermore,
scal®
(¢, 0) = ECED)

This shows the first statement of the proposition. Next, let us suppose, that there
is a non-trivial parallel section ¢ € T'(7 (M)). We fix an arbitrary metric g € c.
Then with respect to this metric g we represent ¢ as ¢ = (v, Y, 5)% The condition
V™r¢ =0 implies

Y = grad? g3,
da = —P9(grad? g3),
ag = P9 — Hess? (5). (2.3.1)

Therefore, M := {x € M | 8(z) # 0} is an open dense subset in M, otherwise ¢
would vanish on an open set, hence on M, since ¢ is parallel. Now, consider the
metric § := $72g on M. With the general transformation formulas (cf. [Be87],

p.58) and (2.3.1) we obtain for the Schouten tensor of g on M,
-~ 1
P = P9 — 572/ + 5 Hess?

= —(af + 5ld07) 5
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Hence, ¢ is an Einstein metric and the scalar curvature is given by

1 g_ _1 2 _1 __1
mscalg_ af 2|d5| =—af 2g(Y,Y)_ 2<¢’¢>.

This concludes the proof. O

As application, let us consider the following special case of reduced conformal
holonomy.

Proposition 2.3.2. Let (M, c) be a simply connected conformal manifold of dimen-
sion > 3, and let us suppose that there is a 1-dimensional Hol, (M, c)-invariant
subspace VY C T (M),. Then, if V1 is non-degenerate, there exists an open dense
set M C M and an Einstein metric g € c|z;. Thereby, scal® > 0, if V1is timelike,
and scal® < 0, if V! is spacelike. If V' is lightlike, then there is a Ricci flat metric
in c at least locally outside a singular set.

Proof. We define the line bundle V C T (M) by parallel displacement of V! along
M. Since M is simply connected, V is oriented. (The first Stiefel-Whitney class
w1(V) € HY(M,Z2) = 0 vanishes). Hence V admits a global nowhere-vanishing
section ¢ € T'(V) with sgn({¢,®)) = const. Since the bundle V is parallel, ¢ is
recurrent, i.e., there is a 1-form o on M such that

V¥ =o(X) . (2.3.2)
If V! is space- or timelike, i.e., (¢, ) # 0, the section

Y=
- Ve, 9)

satisfies V"1 = 0. Hence we can apply Proposition 2.3.1. If V! is lightlike, i.e.,
(¢, ») = 0, we proceed as follows. We choose an arbitrary metric g € ¢ and consider

¢ = (%) with respect to the splitting of 7 (M) given by g. Then, from (2.3.2)

(T (M))

follow

Bo=dB-Y",
o(X)Y =V4Y +a X 4+ 4PI(X,), (2.3.3)
ao=da—PI(.Y).

These formulas show that M := {x € M | 3(z) # 0} is open and dense (otherwise,
¢ would vanish on an open set). Now, we restrict our considerations to M and
suppose w.L.o.g., that ¢ € T'(7(M)) is chosen so that = 1. Then (2.3.3) yields
do = 0. Therefore, for any point y € M we have a neighborhood U C M and
a function f € C*(U) with df = o|U. Now, the local section ¢ := e f¢ €
[(7T(M)|y) satisfies V") = 0 and we can apply the previous proposition again.

O
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The next remarkable fact concerns the relation between conformal and metric
holonomy groups of Einstein spaces. It turns out that the conformal holonomy
groups of an Einstein space coincides with the metric holonomy group of a certain
Ricci-flat ambient metric space. Let us explain this in more detail.

Proposition 2.3.3. Let (M, g) be an Einstein space of signature (p,q) and dimen-
sionn = p+q > 3 with scalar curvature scal® £ 0, and let (C(M), gc) denote the
cone C(M) := M x RT over (M, g) with the Ricci-flat metric

scal®
(9¢) (z,t) = sgn(scal®) (m 290 + dt2>.
Furthermore, let (M,§) be the ambient metric space
scal®

n(n —1)

Then, (]T/f, g) is a Ricci flat pseudo-Riemannian manifold of signature (p+1,q+1),
and the holonomy groups satisfy

M:=Rx MxR" with G(sat) = sgn(scalg)< t2g, + dt? — dsz).

Hol,. (M, [g]) = Hol(y , 1(M, ) = Hol(, 11(C(M), gc).

Proof. The Ricci-flatness of (]T/.f ,g) follows by calculation from the Einstein condi-

tion for g, the signature of (]T/f, g) is obviously (p+1, ¢+1). Using the Einstein met-
ric g, we decompose the tractor bundle of (M, [g]) in the parts 7 (M) = R&TM &R
and consider the bundle isomorphism

F: T(M) — TM|{1}><M><{1}
«
B scal® o scal® 9
?‘? — Y+ (Qn(n—l) + Oé) at + (Qﬁ(gn—l) B O[)&

One can check, that

F(V"¢) = V% (F(¢)) forall X € TM.

Therefore, Hol, (M, [g]) = Hol(l’m’l)(TZ/\Z“l}XMX{l},Vg). If § = (61,7,02) is a
curve in M , which is closed in (1,z,1), then the parallel displacement 79;;7 :
T]/\\/[J(Lm’l) — TM(LIJ) depends only on the curve (1,7,1) in {1} x M x {1}, i.e.,
PJ =P}, 1) This shows, that Hol(y 41y (TM|{1yxarx 1y, V9) = Hol(y 41y (M, ).
The second statement for the holonomy follows since the vector field % is parallel
on (M, 9). O

For Einstein spaces with scalar curvature scal® = 0 we can define the ambient
metric space in a simpler way:
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Proposition 2.3.4. Let (M, g) be a Ricci-flat Einstein space of signature (p,q) and
dimension n = p-+q > 3 . We consider the pseudo-Riemannian space (M,g) with
M:=RxMxR" and G, = 2dsdt+1g,.

Then (M,g) is a Ricci-flat manifold of signature (p+1,q+ 1), and the holonomy

groups satisfy

HOla:(Ma [g]) = HOI(Lw,l)(Hv g) C HOlw(Mv g) x R™.

Proof. The idea of the proof is the same as in the previous proposition. We split
7T (M) with respect to the metric g and observe that the bundle map

F: T(M) — TM|{1}><M><{1}
fe!
Y| — Y+a2+p2
B

is an isomorphism, which commutes with V™°" and V7. Moreover, also in this case,
Hol(; ;1)(M,g) is already generated by parallel translations along curves in {1} x
M x {1}. Hence, Hol(1 ;1,)(M, [g]) = Hol(1 4,1)(M,g). For the second statement,
we consider a closed curve 6 = (1,7,1) and compare the parallel displacements
with respect to g and g. In the decomposition TM(LIJ) = R% ST, M D R% , a
direct calculation shows

1 % %
PI=10 PI x| CO(TMu,,)9) (2.3.4)
0 0 1

O

Problem 2.3.1. Calculate the parallel transport of the metrics considered in the
previous two propositions and verify the statements.

Another important fact concerns the conformal holonomy group of products
of Einstein spaces with appropriate scalar curvature. This group decomposes into
the product of the conformal holonomy groups of the factors.

Proposition 2.3.5. Let (M1, ¢1) and (Ma, g2) be two Finstein spaces of dimension
my > 3 and mg > 3, respectively, such that

N scal®? _ scals2
’ ml(ml — 1) mg(mg — 1)

> 0,

and let (C(M1), (91)0) and (C(Mz), (gg)c) denote the cones defined in Proposi-
tion 2.3.3. Then the product of both cones

M := C(M;) x C(My)
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with the product metric

9= (91)c x (g2)c = dif —di3 + Xtigi + M3go
is a Ricci-flat space of signature sgn(My)+sgn(Mz)+(1,1). The conformal holon-
omy group of the product of the Einstein spaces (Mi,g1) and (Ma, g2) satisfies

HOl(x’y)(Ml X Mg, [91 X gg])
= HOl(z,l,y,l)(Ma .Aj)

= Hol(;1) (C(M1), (91)c) x Holy 1y (C(M2), (92)c)
= Holy (M, [g1]) x Holy (Ma, [g2]).

Proof. Let M = M; x My be the product manifold with the conformal structure
¢ = [g1 X g2]. The first equality of the holonomy statements can be shown as
in Propositions 2.3.3 and 2.3.4. Using the decomposition of the tractor bundle
T (M) given by the metric g = g1 X g2 € ¢, one defines a bundle isomorphism
from the tractor bundle T(M) to TM\M1 {1} x Max {1}, Which commutes with V™"

and V9. Then one shows that H ol(r,l’y’l)(ﬂ ,g) is already determined by parallel
displacements along curves in My x {1} x My x {1}. The second equality follows
from standard holonomy theory of metrics and the third equality comes from
Proposition 2.3.3. For details we refer to [LO7]. O

The previous propositions show that the conformal holonomy group of an
Einstein space can be calculated by the metric holonomy of an ambient pseudo-
Riemannian manifold. We note that the classification of holonomy groups of
pseudo-Riemannian manifolds is not completed yet. For an overview on known
results we refer to [GLO8]. Furthermore, let us remark that the ambient metric
spaces, which we defined for Einstein spaces or its products, are special cases of
the Fefferman-Graham ambient metric construction which is explained in Section
1.3. The reader can find more about this in [FG07] and [L07].

Next, we will come to a surprising kind of local de Rham Splitting Theo-
rem for conformal holonomy groups. Let us shortly recall the de Rham Splitting
Theorem for (pseudo-)Riemannian manifolds.

Theorem 2.3.1. Let (M, g) be an n-dimensional semi-Riemannian manifold, such
that there exists a k-dimensional non-degenerate Hol, (M, g)-invariant subspace
E¥ C T,M. Then, (M,g) is locally isometric to a product of semi-Riemannian
manifolds, i.e., for any point y € M there exists a neighborhood U(y) and two
semi-Riemannian manifolds (U1, g1) and (Us, g2) of dimension k and n — k, re-
spectively, such that (U(y),g) is isometric to (Ui, g1) x (Uz,g2). Furthermore,
Hol(U(y), g) ~ Hol(U1, g1) x Hol(Uz, g2). If (M, g) is simply connected and geodesi-
cally complete, then the splitting is global, i.e., (M, g) is isometric to the product of
two semi-Riemannian manifolds (M1, g1) and (Ma, g2) of dimension k and n — k,
respectively.
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A proof of this theorem can be found in [Ba09], Kapitel 5. A similar Splitting
Theorem for conformal holonomy groups was proved by St. Armstrong ([Ar07],
[Ar06]) in the Riemannian case and by another method by F. Leitner ([L05a],
[LO7]) for arbitrary signature.

Theorem 2.3.2. Let (M, c) be a simply connected conformal manifold of dimension
n > 3 and signature (p,q) and suppose that there exists a k-dimensional non-
degenerate Hol, (M, c)-invariant subspace V¥ C T(M),, where 2 < k < n. Then,
any point y of a certain open dense subset M C M has a neighborhood U (y) with a
metric g € c|y(y), such that (U(y), g) is isometric to a product (N1, g1) X (N2, g2),
where (N;, g;) are Finstein spaces of dimension k—1 and n— (k—1), respectively.
If k # 2,n, then the scalar curvatures satisfy

(- 1)(k-2)
m—k+1)(n—k)

scal®t = — scal®? # 0.

Moreover, if dim N; > 3, then

Hol(U(p), C) ~ 1101(1\]17 [91}) X HO](NQ, [gg])

2.4 Classification results for Riemannian and
Lorentzian conformal holonomy groups

In this section we give a short overview on classification results for conformal
holonomy groups in the Riemannian and in the Lorentzian case.

First, we consider simply connected Riemannian conformal structures. In
the Riemannian case the conformal holonomy group Hol(M™, ¢) is a subgroup® of
SO°(1,n 4 1). A crucial result is the following algebraic fact:

Proposition 2.4.1. ([DO01]) Let H C SO(1,n+ 1) be a connected Lie group which
acts irreducibly on RV 1. Then H = SO°(1,n + 1).

Hence, if the conformal holonomy group of a simply connected Riemannian
conformal manifold (M™, ¢) is not the full group SO°(1,n + 1), then it admits a
holonomy invariant subspace. But then, as we saw previously, ¢ contains an Ein-
stein metric or a product of Einstein metrics (at least locally up to a singular
set). Therefore, the essential step in the classification of Riemannian conformal
holonomy groups is the classification of conformal holonomy groups of Einstein
spaces which do not decompose conformally. We will call a manifold (M™, g) con-
formally decomposable, if the conformal class [g] is (possibly outside a singular set)
locally represented by a product metric. Otherwise we call (M, g) conformally in-
decomposable. Any 3-dimensional Einstein space (M3, g) is conformally flat, hence
Hol®(M3,[g]) = 1.

5More precisely, it is a class of conjugated subgroups.
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Theorem 2.4.1. ([Ar07], [Ar06]) Let (M™,g) be a simply connected, confor-
mally indecomposable Riemannian Finstein space of dimension n > 4, and let
Hol(M, [g]) € SO°(1,n + 1) be its conformal holonomy group.

1. If scal® < 0, then Hol(M, [g]) = SO°(1,n).

)
2. If scal® > 0, then Hol(M, [g]) is one of the groups:
SO(n+1), SU(E), Sp(®H), Gz ifn=6, or Spin(7) if n=1.

3. If scal® =0, then Hol(M™, [g]) is one of the groups:
SO(n) x R™, SU(%Z)xR", Sp(2)xR", GoxR” ifn =7, or Spin(7) x R®
ifn=S8.

All groups in the list can be realized as conformal holonomy group of an Einstein
space.

Proof. The proof is an application of the previous propositions. First, let (M™, g)
be an Einstein space of scal® > 0. By Proposition 2.3.1, there exists a 1-dimensional
timelike subspace V! € RY™1 on which Hol(M, [g]) acts trivially. The orthogo-
nal complement (V1)+ c R+ is holonomy invariant and spacelike. Moreover,
since (M, g) is conformally indecomposable, Hol(M, [g]) acts irreducibly on (V1)+
(Theorem 2.3.2). But, by Proposition 2.3.3, Hol(M, [¢g]) ~ Hol(C (M), gc'), where
(C(M), gc) is the Ricci-flat Riemannian cone over (M, g). A locally symmetric Rie-
mannian manifold is locally isometric to a symmetric manifold ([H78], chapt. IV.5)
and any Ricci-flat symmetric space is flat ([Be87], Thm 7.61). Therefore, we can
exclude that the cone is locally symmetric. Hence, Hol(M, [¢]) is one of the holon-
omy groups of Berger’s holonomy list of irreducible, non-locally symmetric spaces,
which can be realized by Ricci-flat metrics, i.e., Hol(M, [g]) = SO(n+1), SU(ZEL),
Sp(2H), Gy ifn =06, or Spin(7) if n = 7. Now, consider the case scal® < 0. Then
there exists a 1-dimensional spacelike subspace W1 C R *1 on which Hol(M, [g])
acts trivially (Proposition 2.3.1). The orthogonal complement (W1)+ ¢ RL™+ s
holonomy invariant and of signature (1,n). There can not be a non-degenerate
Hol(M, [g])-invariant subspace in (W1!)+ since otherwise (M, g) would be confor-
mally decomposable by Theorem 2.3.2. Moreover, if W’ C (W)t is a degenerate
Hol(M, [g])-invariant subspace, L := W' (W’)1 is a lightlike holonomy-invariant
line. Hence, locally, there exists a Ricci-flat Einstein metric conformally equivalent
to g (Proposition 2.3.2). But then, (M, g) is conformally decomposable again (cf.
[K88]). This shows that Hol(M, [g]) acts irreducibly on (W!)L. Hence, by Propo-
sition 2.4.1, Hol(M, [g]) = SO°(1,n). Finally, let scal® = 0. By Proposition 2.3.4,
Hol(M, [¢g]) C Hol(M, g) x R™. By the same argument as above, there can not be a
non-degenerate holonomy invariant subspace of R+, Therefore, Hol(M, [g]) acts
weakly irreducibly. But then, {1} x R™ C Hol(M, [g¢]) (cf. [BI93]). Formula (2.3.4)
shows that also Hol(M, g) C Hol(M, [¢]). Therefore, Hol(M, [¢g]) = Hol(M, g) x R™.
Since (M, g) is conformally indecomposable, Hol(M, g) acts irreducibly on R™.
Hence, Hol(M, g) is one of the groups in Berger’s holonomy list of irreducible,
Ricci-flat, non-locally symmetric spaces, i.e., Hol(M, g) = SO(n), SU(%), Sp(%),
Gg if n =7, or Spin(7) if n = 8. O
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Now, we consider the Lorentzian case. Let (M 1"~ ¢) be a simply connected
Lorentzian conformal manifold. Then the conformal holonomy group Hol(M, c) is
contained in SO%(2,n). If Hol(M, ¢) acts non-irreducibly, then — possibly outside
a singular set — ¢ can be locally represented by a non-Ricci-flat Einstein metric
(1-dimensional non-degenerate invariant subspace), by a product of two Einstein
metrics with related scalar curvatures (k-dimensional non-degenerate invariant
subspace, 2 < k < n), by a Ricci-flat Einstein metric (degenerate non-totally
isotropic invariant subspace), or by a metric with totally isotropic Ricci tensor and
recurrent lightlike vector field (2-dimensional totally isotropic invariant subspace,
cf. [Lei06]). For the irreducible case, let us mention the following result:

Proposition 2.4.2. ([DLO08]) Let H C SO(2,n) be a connected Lie group which acts
irreducibly on R>™. Then H is conjugated to one of the following groups:

1. S0°(2,n),

2. U(L, 3), SU(1, 5), if n is even,

3. 81-S0%(1,2) C U(L, %), if n is even and n > 4,

4. S0%(1,2)  SO(2,3), if n = 3.

It is not known yet whether the group SO%(1,2) C SO(2,3) can be realized
as a holonomy group of a 3-dimensional conformal manifold (M2, c). In [LOT7]
and [LO8] it is shown that, in case Hol®(M, ¢) C U(1, %), the group Hol’(M, g) is
already a subgroup of SU(1, % ). Since S1.50°(1, 5) ¢ SU(1, %), this group can not
be realized as a connected holonomy group of a conformal Lorentzian manifold.
We conclude

Theorem 2.4.2. ([DLO08]) Let (M1~ ¢) be a conformal Lorentzian manifold of
dimension n > 4. If Hol®(M,¢) acts irreducibly on R>™, then Hol’(M,g) =
S0°(2,n) or Hol’(M, c) = SU(1, 5) (if n is even).

Hol’(M, g) = SO°(2,7n) is the generic conformal Lorentzian holonomy group.
In Section 2.7 we will describe Lorentzian manifolds with conformal holonomy
group SU(1, §). Such manifolds can be viewed as a conformal analog of Calabi-
Yau manifolds.

2.5 Conformal holonomy and conformal Killing forms

Let (E,V¥) be a vector bundle with covariant derivative. Let us suppose that
T*M ® FE splits into a sum of vector bundles,

T"MQ®E~E&...0FE,.

In this situation one has a series of first-order differential operators on F,

Prg;

D T(E) (T Mo E) 25 T(E), i=1,...r
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Often, the solution spaces of the differential equations D; = 0 have interesting re-
lations to geometry. In particular, this is the case if F is associated to a G-structure
on M, ie., EF:= PxgV for asubbundle P of the frame bundle. A natural spitting
of T*"M ® E is then given by the decomposition of the G-representation on the
fibre (R™)* ® V into irreducible sub-representations. In the next two sections we
want to demonstrate this procedure for the case of k-forms and the case of spinors
on semi-Riemannian manifolds with the natural covariant derivative induced by
the Levi-Civita connection. We will explain how objects of conformal Cartan ge-
ometry, in particular V™°"-parallel sections, are related to solutions of one of the
natural differential equations D;p = 0 in each case.

Let us start with the bundle of k-forms on an n-dimensional semi-Riemannian
manifold (M, g) equipped with the Levi-Civita connection V9. A splitting of
T*M @ A*¥(T*M) is given by®

T*M @ AF(T*M) ~ A*=Y(T*M) @ AFTY(T* M) @ CF (M),

where the first two bundles are the images of the contraction map | and of
the wedge product A, respectively, and C¥(M) C T*M ® A*(T*M) denotes the
intersection of the kernels of | and A. The projections are

prae-i(c®@a) =o' I a,

prarii(c®@a) =0 Aa,
and prew () (0 © a) viewed as a 1-form with values in A*(T*M) is given by

1
— —
E+1 n—k+1

The projection of V9« onto the summand A*~1(T*M) yields the codifferential
—d*a, the projection of V9a onto A*T1(T*M) is just the differential da. The
projection onto the third summand C*(M) gives an interesting new operator, the
so-called twistor operator T : T'(A*(T*M)) — T'(C*(M)), which is described by

" A(of 1 a).

Provan (0 ®@ a)v = o(v)a vl (oANa)—

1 1
L _ 9 b *
T(CM)(X) = (prck(M) o Vg)(X) = VXOZ - k—HX A1 da+ mX Ad .
The differential equation T'a = 0 is called the twistor equation on k-forms. First,
let us take a short look at the twistor equation on 1-forms. A 1-form « is a solution
of the twistor equation iff

1 1
Via— 5 X Jda+ — X°ANd*fa=0 VX eX(M). (2.5.1)

It is easy to check that the dual vector field of a 1-form « is a conformal Killing field
exactly if (2.5.1) is satisfied. This motivates the following name for the solutions
of the twistor equation.

6This splitting corresponds to the splitting of the O(p, q)-representation (R™)* @ AF(R™)*
into subrepresentations.
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Definition 2.5.1. Let o € QF(M) be a k-form on a semi-Riemannian manifold
(M, g). a is called a conformal Killing form, if
1 1
Ya———X Jdat+——X" Nd'a= X € X(M).
Vi F 1 a+n_k+1 ANd'a=0 VX eX(M)
Next we want to discuss the relation between conformal Killing forms and
conformal holonomy. We now consider a conformal manifold (M, c) of signature

(p, q) and study parallel sections in the tractor bundle with (k + 1)-forms as fibres.
For this aim, let

pra1: O(p+1,q+ 1) — AFFLRPHLAFL)*

be the representation of the pseudo-orthogonal group G = O(p + 1,¢ + 1) on the
space of (k + 1)-forms A*+1(RP+1.a+1)* “induced by the standard representation.
We denote the associated tractor bundle by

NS (M) =Pt x g AFFH(RPFHLOTL) >

and call it the tractor (k + 1)-form bundle. The scalar product (-,-)p+1,4+1 O
RP+La+L defines an O(p + 1, ¢ + 1)-invariant scalar product on AF¥FH(RPFLaFL)*
and therefore, a bundle metric on A]%H(M ). The normal conformal Cartan con-
nection gives us a metric covariant derivative

vror . F(AéCfl(M)) — F(T*M & A§’+1(M))

Now, we can proceed in the same way as we described in Section 2.2.4 for the
standard tractor bundle. We fix a metric ¢ in the conformal class and reduce P*
to the frame bundle PY. If we restrict piry1 to the orthogonal group O(p,q), we
obtain a splitting of the (k + 1)-forms into O(p, ¢)-invariant subspaces

Ak+l(Rp+l,q+l)* ~ Ak(Rp,q)* @Ak+1(RP’q)* D Ak—l(Rp,q)* o Ak(Rp’q)*,
where this splitting is given by decomposing a (k 4 1)-form o € A+ (RPHLa+1)x
in the form

a=foNag+ar+ foNfo Aas+ fog Aas,
with forms «g, a1, as and ag on RP? of degree k, k+ 1, k — 1 and k, respectively.
Hence, fixing a metric g € ¢, we obtain a splitting
AEFL (M) £ AR (M) @ AR (M) @ AL (M) @ AR (M)
ai (o, a1, 9, a3).

With formula (2.2.10) of Section 2.2.4 one obtains for the normal connection V™"
on AEFL(M) in this splitting,

V9 -X XA 0 Qo
— P(X)’A V% 0 XN | | oa
X —P(X) 0 A G o

0 -P(X) 1  —P(X)’A V% as
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We now consider (k + 1)-forms a € A5 (M) which are V"*"-parallel, i.e., which
satisfy V"« = 0. We note here that F. Leitner used such V" -parallel forms
in order to prove the de Rham Splitting Theorem (Theorem 2.3.2) (cf. [L05a]
and [LO7]). A closer look at the equation V""a = 0 shows that the forms a,
ao and a3 in the metric representation of « are uniquely determined by «g, and
moreover, that a € A]’“TJrl (M) is V™ -parallel if and only if o satisfies the following
equations:

1 1
=V%a———X 1d — X" Ad* 2.5.2
0 VXOz() r 1 a0+n_k+1 Nd ag, ( 5 )
1
0= P()()b N g + k—va(dOéo + )(|7 A Dkao, (253)
=—-P(X) 1 —V5d* X 10 2.5.4
0 (X) a0+n,k+1VXdo‘+ kOO 5 (2.5.4)
1 1
=———P(X) J dayg — ——P(X)° A d* 90 2.5.
0 1 ( ) QaQ k1l ( )/\ ap + VIO0gaq , ( 55)
where Oy, is the operator
Op = — (— scal® 1d+(v9)*v9) for n # 2k
P2k 2(n—1)
and
_1 1 * * S b b
Onjz = = [g (@ d = dd) + 3 ei(s0 A (P(s) 1) =5 1 (P(si) A )]

i=1

The equation (2.5.2) tells us that the k-form «ag is a conformal Killing form on
(M, g). Therefore, we define the following subclass of conformal Killing forms on
a semi-Riemannian manifold.

Definition 2.5.2. A conformal Killing k-form g on a semi-Riemannian manifold
(M, g) is called a normal conformal Killing form, if it satisfies the additional con-
ditions (2.5.3), (2.5.4) and (2.5.5).

This gives us the following proposition.

Proposition 2.5.1. Let (M,g) be a semi-Riemannian manifold and ¢ = [g] the
conformal class of g. Then there is a 1-1-correspondence between the space

{a € D(AK (M) | V""a = 0}

of all parallel tractor (k+1)-forms on (M, c) and the space of all normal conformal
Killing k-forms on (M, g).

This shows that special kinds of conformal Killing forms, namely the normal
ones, can be studied using conformal holonomy theory. There exists a normal con-
formal Killing form on (M, g) if and only if the action of the conformal holonomy
group Hol(M,c) C O(p+1,q+ 1) on AFFH(RPHLT1)* hag a fixed point.
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2.6 Conformal holonomy and conformal Killing spinors

In this section we deal with the twistor equation on spinors and describe the
relation between the solutions of the twistor equation on spinors (called conformal
Killing spinors) and the conformal holonomy group. First we recall some basic
notions from spin geometry. Then we define conformal Killing spinors and describe
some of their basic properties. Afterwards we show that conformal Killing spinors
correspond to parallel sections in the spin tractor bundle for the normal tractor
derivative. Therefore, these spinors are directly related to conformal holonomy
groups. For a detailed introduction to spin geometry of Riemannian and pseudo-
Riemannian manifolds we refer to [Ba81], [ML89], [Fr00] or [Gi09].

Let (M™%, g) be a space- and time-oriented semi-Riemannian manifold of
dimension n = p + g > 2. We denote by

A : Spin(p, q) — SO(p, q)

the 2-fold covering of the special orthogonal group by the spin group. In this
section, PY is the bundle of all oriented pseudo-orthonormal frames with respect
to the given space- and time-orientation. A spin structure of (M, g) is a Spin® (p, q)-
principal fibre bundle Q9 over M with a smooth map f9 : Q9 — P9 which respects
the bundle projections and the group actions, i.e.,

TTpg O fg = TQy,
folu-A) = fou)-MA)  VueQ? AeSpin(p.q).

It is known that a space- and time-oriented semi-Riemannian manifold (M, g)
admits a spin structure if wo(M) = 0, where wq is the second Stiefel-Whitney
class. In case wa (M) = 0, the number of non-equivalent spin structures coincides
with the number of elements in H'(M,Zs). A space- and time-oriented semi-
Riemannian manifold (M?9 g) with a fixed spin structure (QY, f9) is called a
spin manifold.

There is a fundamental representation of the spin group, which does not come
from the orthogonal group, the spin representation

K : Spin(p, ¢) — GL(Ap,q)-

The representation space A, , is a complex vector space of dimension 2["/2. A,
is an irreducible Spin(p,¢)-module, if n is odd, and splits into two irreducible
submodules A, , = A;q ® A, if n is even. Furthermore, there is a Spin(p, q)-
equivariant multiplication of vectors from RP¢ with elements of A, 4, called the
Clifford multiplication. Moreover, there is a Spin’(p, ¢)-invariant hermitian form
()a,., on A, 4, which is positive definite, if p = 0,n, and indefinite, if 1 < p < n.
An explicit realization of the spin representation can be found for example in
[Ba81] or [Fr00]. Using the invariance properties of the Clifford multiplication and
of the hermitian form (-,-)a,,, we obtain the following four objects on a spin

manifold (MP1, g):
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e the spinor bundle §9 1= Q9 X510 (p,q) Ap,q, Which is a complex vector bundle
of rank 2("/2,

e the Clifford multiplication p9: TM®S9 — 8Y
(X,0) — X-p’

e the spinor derivative V' : I'(S9) — I'(T*M ® 89), which is the covariant
derivative induced by the lift of the Levi-Civita connection to Q9 , and

e a hermitian bundle metric (-,-)ss on §9 defined by (-,-)a,, ,, which is positive
definite, if g is Riemannian, and indefinite, if g is pseudo-Riemannian.

Thereby, the following rules are satisfied:
(X Y+Y - X) - p=-29(X,Y)e, ( )
(X o, 0)s0 = (1) o, X - ) so, (2.6.2)
X {(p.0)ss = (VX 0.1)s0 + (0, VX ¥) 50, (263)
VX (Y 9) =V4Y o+Y VYo, (2.6.4)

where X,Y € X(M) and ¢,v¢ € I'(S9). Furthermore, any spinor field ¢ € T'(S§9)
defines a vector field V,, € X(M), called the Dirac current of ¢, by

gV, X) =" X - p,0)ss VX € X(M). (2.6.5)

Obviously, we can extend the Clifford multiplication to a multiplication of k-forms
with spinors. For a k-form w and a spinor ¢ we set

W (w, @) =w-p:= Z Eiy e Eip W(Siys ey 8iy)Siy e Sip Py
1<ir<...<ip<n
where (s1,...,8,) is an orthonormal basis for g and ¢; := g(s;, s;) = £1. Then, to
any spinor field we can associate a series of k-forms wf;, where w}o = Vg, by
. k(k—1)
g(wh, o) =it (oh o ) YV ok e QF(M), (2.6.6)

where g denotes the induced metric on the space of k-forms.

Now, we define first-order differential operators on the spinor bundle &9 as
described in Section 2.5. We split 7*M ® &9 into a sum of subbundles” using the
Clifford multiplication u9 : T*M ® §9 — S9,

T"M @89 ~Imp? @kerp?d =89 @ ker p?.

"This decomposition corresponds to the decomposition of the fibre (R”)* ® Ay 4 of T* M @S9
into Spin(p, ¢)-invariant submodules.
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We obtain two differential operators of first order by composing the spinor deriva-
tive VS’ with the projections onto each of these subbundles, namely the Dirac
operator D(g),

59 g
D(g) : T(89) Yo T(T*M © 89) ~ T(S9 @ ker p9) 54 T(89)
and the twistor operator P(g),
Ss9 T
P(g):T(87) Y5 (T M ® 89) ~ T(S? @ ker i) * <4 D(ker ).
Locally, these operators are given by
n .
D(g)p=)Y o V5o,
i=1

n ] y 1
P(glp=> o'® (V‘Z p i -D(g)so> ;
=1

where (s1,...,5,) is a local orthonormal basis and (o?,...,0™") its dual. Both
operators are conformally covariant. More precisely, if § = €2/¢g is a conformal
change of the metric, the Dirac and the twistor operator change by

D(G)=e " D(g)e™s
P(g) =t P(g)et.
A proof of these formulas can be found in [Gi09], Chapter 1.3 and A.2.

The conformal covariance relates the study of solutions of the Dirac equation
D(g)p = 0, called harmonic spinors, and the study of solutions of the twistor
equation P(g)p = 0, called twistor spinors, to conformal geometry: it is enough
to study these equations for an appropriate “simple” metric in the conformal class
of g. Note that a spinor field p € T'(S9) is a solution of the twistor equation
P(g)p =0 if and only if it satisfies the equation

g 1
v¥ o= —;LX -D(g) ¢ for all vector fields X. (2.6.7)

A direct calculation shows that the Dirac-current V,, of a twistor spinor ¢
is a conformal vector field. For this reason, twistor spinors are often called also
conformal Killing spinors. We will use this name further on. More generally, one
can prove

Proposition 2.6.1. Let ¢ € I'(S9) be a conformal Killing spinor. Then for any k,

the k-form wfz is a conformal Killing form.

Studying the Dirac and the twistor equation more closely, it turns out that
they are rather different in nature. We will see that in dimension n > 3, the
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twistor equation on spinors has the same nature as the twistor equation on k-
forms; the solutions are given by parallel sections of a certain covariant derivative
on a certain vector bundle. In particular, the dimension of the solution space of
the twistor equation is bounded by a constant depending only on the dimension
of M, whereas the dimension of the solution space of the Dirac equation can
be arbitrarily large (and for indefinite metrics also infinite). To make this more
precise, we first note the following integrability condition for conformal Killing
spinors, which is the result of differentiating (2.6.7).

Proposition 2.6.2. ([BFGK91], Th.1.3) Let ¢ € I'(S9) be a conformal Killing
spinor on an n-dimensional semi-Riemannian spin manifold, n > 3. Then,

V}g:D(g)sD _ _g PI(X)- . (2.6.8)

Now, let us consider the doubled spinor bundle E9 = §9 @ §9 and the co-
variant derivative VF* on EY defined by

. v X
VE = * L (2.6.9)
+1PI(X) V¥

The curvature of VZ? is given by

E 1/ WX AY)-
RrY (X’Y)<ZZ)_§<W(X/\Y)-ZZ+C(X,Y)-¢)' (2.6.10)

For a 3-dimensional manifold (M3, g) the Weyl tensor W vanishes. (M3, g) is
conformally flat iff C = 0. For dimension n > 4, (M™,g) is conformally flat iff
W = 0. C = 0 follows from this condition. Hence, by formula (2.6.10), a spin
manifold (M, g) is conformally flat exactly if the curvature RY”" vanishes.

Then, a direct calculation using (2.6.7) and (2.6.8) yields

Proposition 2.6.3. Let (M™,g) be a semi-Riemannian spin manifold and ¢, €
I'(S89). Then:

1. If ¢ is a conformal Killing spinor, then VF° (l %@> =0.

n

(4

In this way, conformal Killing spinors can be viewed as parallel sections of
(E9,VE’). In particular, we obtain

2. If VE* (<'0> =0, then ¢ is a conformal Killing spinor and ¥ = %D(p.

Proposition 2.6.4. 1. The dimension of the space ker P of conformal Killing
spinors is a conformal invariant bounded by

dimker P < 2rank S = 23141 =. ¢,,.
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2. If dimker P = d,,, then (M™,g) is conformally flat.
3. If (M™,g) is simply connected and conformally flat, then dimker P = d,,.

Hence, for example, all simply connected spaces of constant sectional curva-
ture admit the maximal number of linearly independent conformal Killing spinors.
For readers who want to read the latter considerations in the language of physi-
cists, we suggest [PR86].

Since conformal Killing spinors correspond to VZ’-parallel sections in the
doubled spinor bundle EY, we can use the holonomy group of the covariant deriva-
tive VP’ to study the existence of conformal Killing spinors. In the following we
want to give a reinterpretation of this situation in the framework of conformal
Cartan geometry. We will show that the bundle E9 is isomorphic to the spin
tractor bundle over the conformal manifold (M, c = [g]), and that the covariant
derivative VE? is the normal covariant derivative on this tractor bundle. Hence,
the holonomy group of VE? is just given by the holonomy group of the conformal
structure ¢ = [g] of the metric g in question. Therefore, the conformal holon-
omy group Hol(M,¢) contains full information about the existence of conformal
Killing spinors. Whereas the classification results for conformal Killing spinors on
Riemannian spin manifolds were obtained by studying the twistor equation for
a single metric, in the more involved case of pseudo-Riemannian metrics in re-
cent years the benefit of conformal Cartan geometry became obvious. A geometric
characterization of the geometric structures does not seem to work without using
these methods.

Before we describe conformal Killing spinors in the setting of conformal Car-
tan geometry, we will first have a look at the Riemannian situation and sum up
the essential result in this case.

Obviously, parallel spinors, i.e., ¢ € I'(S9) with VS’ = 0, are harmonic as
well as conformal Killing spinors. Moreover,

{harmonic spinors} N {conformal Killing spinors} = {parallel spinors}.

Besides parallel spinors, there is another special class of conformal Killing spinors,
the Killing spinors: A spinor field ¢ € I'(S9) is called a Killing spinor® with Killing
number v, if

V¥ o=vX (2.6.11)

for a complex number v € C\ {0}. Killing spinors are twistor spinors as well as
eigenspinors of D(g), more precisely,
. . Killing spinors
{¢ | Dy = Ap} N {conformal Killing spinors} =

to Killing number —%

8In differential geometry this kind of spinor fields are called Killing spinors. In physics the
name Killing spinor is used in a broader sense.
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This leads to an important relation between Killing spinors and spectral pro-
perties of the Dirac operator on Riemannian spin manifolds, which caused an
intensive study of Killing spinors in Riemannian geometry. The Dirac operator on
a compact Riemannian spin manifold is (formally) self-adjoint and elliptic. Hence
its spectrum contains only real eigenvalues of finite multiplicity.

Proposition 2.6.5. ([Fr81]) Let (M™,g) be a compact Riemannian spin manifold
with scalar curvature scal® > 0. Then, all eigenvalues A of D(g) satisfy
A2> " minscal®. (2.6.12)
“4(n—-1) M
In particular, there are no harmonic spinors. The equality in (2.6.12) is attained
if and only if the eigenspinor ¢ with D(g)e = A is a Killing spinor with Killing
number —%.

Proof. To be brief, let D := D(g), P := P(g), S := 8% and V := V5’. A direct

calculation shows P*P = V*V — 1D? and D? = V*V + $scal® (Weitzenbick
formula). It follows that

1
p2—_" (P*P + Zsca1g>. (2.6.13)

n—1

Then, after integration,

1
/ (D¢, ¢)s dMy = P)s + 15C31g<807 <P>S> dM,
M

1
( (P, Pp)s dMy + mynscalg/ {p, 0)s dMg>.

For a spinor field ¢ with Dy = Ay it follows that

1 .
Nlipl3, 2 —= (IPg]? + Jminscal¥ )3, ) = minscal o],

n
~4n—-1)
where [¢||7, := [,,;{¢;¥)s dM, . This shows the estimate (2.6.12). If equality in
(2.6.12) holds, then @ satisfies ng = 0. Therefore, ¢ is a Killing spinor with real
Kllhng number —2. Conversely, if ¢ is a Killing spinor with real Killing number
n, then Dy = )\go and Py = 0. With equation (2.6.13), applied to ¢, it follows
that scal® = @)\2 = const.. Hence, we have the equality in (2.6.12). O
A very nice lecture note on the Dirac spectrum in Riemannian geometry is

[Gi09]. There one can find a lot of extensions of the previous proposition and many
other relations between the Dirac spectrum and the geometry of the spin manifold.

The geometric structures of Riemannian manifolds with Killing spinors were
classified between 1981 and 1993. The results are of interest here, since Killing
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spinors are special solutions of the twistor equation; even more, they play a crucial
role in the description of Riemannian manifolds with conformal Killing spinors.

If a Riemannian spin manifold (M™, g) admits a Killing spinor with Killing
number v, then (M™, g) is an Einstein space with scalar curvature scal® = 4n(n —
)2 (cf. [Fr00] or [Gi09]). Hence, v is real or purely imaginary. The existence
of a parallel spinor (¥ = 0) implies that the Riemannian manifold is Ricci-flat.
Furthermore, the holonomy group of (M™,g) is special, since the action of its
lift in Spin(n) has a fixed point on A,,. Using Berger’s classification of holonomy
groups of Riemannian manifolds, this leads to

Proposition 2.6.6. ([Wan89]) Let (M™, g) be an irreducible Riemannian spin mani-
fold with non-trivial parallel spinors. Then the reduced holonomy group HolO(M ,9)
of (M, g) is one of the following groups:

1. SU(m), if n = 2m > 4, (Ricci-flat Kdhler manifolds),
2. Sp(k) if n = 4k > 8, (hyperkdihler manifolds),

3. Go, if n =17, (Ge-manifolds),

4. Spin(7), if n = 8, (Spin(7)-manifolds).

If (M,g) is a Riemannian spin manifold with real Killing spinor (v € R*),
then the cone C(M) := RT x M with the cone metric

scal®
=dt? + P ——

is a Ricci-flat space with parallel spinors. From the geometric structure of the

cone, given by its holonomy group, one can read off the geometric structure of

(M, g). The result is

Proposition 2.6.7. ([Bar93]) Let (M,g) be a geodesically complete, simply con-
nected Riemannian spin manifold with real Killing spinor. Then (M, g) is isomet-
ric to the standard sphere, or the cone (C(M),gc) is irreducible and (M, g) has
one of the special geometric structures of the following list:

dim(M) M C(M) Hol(C(M))
2m —1 | Finstein-Sasaki Ricci-flat, Kdhler SU(2m)
4k — 1 3-Sasaki hyperkdhler Sp(k)

6 nearly Kdhler generic parallel 3-form Go

7 nearly parallel Go | generic parallel 4-form Spin(7)

Finally, let ¢ be an imaginary Killing spinor on (M, g) (v € iR*). Then the
function u, := (@, ) ss is non-constant. A closer look at the foliation of M into the
level sets of u, gives the following result, which relates imaginary Killing spinors
with parallel spinors in one dimension less.
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Proposition 2.6.8. ([B89]) Let (M, g) be an n-dimensional, geodesically complete
Riemannian spin manifold. Then, (M, g) admits a Killing spinor with Killing num-
beria € iR* if and only if it is isometric to a warped product (N xR, e~ 4t hpdt?),
where (N,h) is an (n — 1)-dimensional, geodesically complete Riemannian spin
manifold with a non-trivial parallel spinor.

Next, we will present results concerning Riemannian spin manifolds with
conformal Killing spinors. For details and proofs we refer to [BFGK91] or [Gi09],
and the references therein.

Proposition 2.6.9. Let (M,g) be a Riemannian spin manifold with a non-trivial
conformal Killing spinor ¢ without zeros. Then g := ||¢||5a g is an Binstein metric
of scalar curvature scal® > 0. Moreover, if scal® > 0, (M,qg) admits real Killing
spinors, and if scal® =0, (M,q) admits parallel spinors.

In view of the previous propositions, it remains to study conformal Killing
spinors with zeros as the essential task. On a Riemannian spin manifold, the set
of zeros zero(y) := {x € M | p(x) = 0} of a non-trivial conformal Killing spinor
@ is very simple, it is a discrete set of points. The following proposition collects
crucial results for the case zero(yp) # 0.

Proposition 2.6.10. Let (M™,g) be a Riemannian spin manifold carrying a non-
trivial conformal Killing spinor ¢ with non-empty zero-set zero(y).

1. If M™ is compact, then card(zero(y)) =1 and (M™,g) is conformally equi-
valent to the standard sphere (S™, gean). ([Li88], [KROO]).

3. For any number k € N, there are manifolds (M™,g) of warped product type
with card zero(¢) = k. ((BFGK91], [Hab92]).

3. M\ zero(yp) with the metric g := |¢||~*g is a Ricci-flat space with parallel
spinors. ([Gi09], A.2., [KR98], [KR0O0]).

4. If the Dirac current Vi, of ¢ does not vanish, then (M",g) is conformally
flat, i.e., W =0. ([KR94)).

If V, = 0, there are non-conformally flat solutions. (Explicit constructions
are involved, examples can be found in [KR96] and [KRIT7].)

In pseudo-Riemannian geometry the situation is much more complicated.
Good references for results on parallel, Killing and conformal Killing spinors in the
pseudo-Riemannian case are [Ka99], [BK99], [Lei03], [Lei07], [ACGLO07], [AC09],
[Ba99], [LO1], [BLO4], [L05a] and [LO7] and the references therein. The latter two
give a good impression of the benefit of Cartan methods. Readers interested in
applications to physics should have a look at [DNP86], [ACDS98], [OV07] and
[OHMS09].

Now, we will describe conformal Killing spinors from the view point of con-
formal Cartan geometry. For this aim, we first extend the basics of conformal
Cartan geometry, which we described in section 2.2, to the spin case.
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Let (M,c) be a time- and space-oriented conformal manifold of signature
(p,q) and n = p+q > 3. In this section we denote by P the bundle of all time- and
space-oriented conformal frames. The structure group is the connected component
COo(p, q) = RT x SO°(p, q) of the linear conformal group. Let CSpinO(p, q) be
the conformal spin group

CSpin’(p, q) := R* x Spin’(p, q),

and let X : CSpin’(p, ) — CO°(p, ¢) be the 2-fold covering of the linear conformal
group given by the identity in the first component and the usual 2-fold covering
of the orthogonal group by the spin group in the second component (which we
will denote for simplicity also by A). A conformal spin structure of (M,c) is a
CSpin’(p, q)-principal fibre bundle Q° over M with a smooth map f° : Q0 — PO,
which respects the bundle projections and the group actions, i.e.,

f>q-A)=f%q) - AA)  Vqe Q°, Ae CSpiny(p,q),

wpoo fO= TQo.

We call the conformal manifold (M, ¢) a spin manifold, if it admits a conformal
spin structure. This is equivalent to the existence of spin structures for any metric
g € c. In fact, any conformal spin structure (Q°, f°) of (M, c) induces a metric
spin structure (Q9, f9) for the metric g € ¢ by reduction

9= (f")7H(PY) and  f7:= fOlos,

where P9 C PY denotes the subbundle of time- and space-oriented g-orthonormal
frames. On the other hand, since P° = P9 X300 (p,q) CO%(p, q), any spin structure
(Q9, f9) of a metric g € ¢ gives rise to a conformal spin structure for the conformal
class ¢ by enlargement:

Q= 0’ X Sping (p,q) CSpin’(p,q) and f:= f x A,

Hence, due to the orientability assumption, (M, ¢) is spin if and only if the second
Stiefel-Whitney class of M vanishes: wq(M) = 0.

Now, let G = SO° (p+1,q+1) be the connected component of the pseudo-
orthogonal group and let B C G be the matrix realization of the stabilizer of the
isotropic line ps in the Mdbius sphere QP9 under the action of the Mébius group
PSOY(p+1,q+1). We consider the > spin group G = Spln (p+1,9+ 1) and the lifts
of B and its subgroups By, By in G: B := A"Y(B), By = A1(By), By = A" 1(By).
Then B / By is isomorphic to the conformal spin group By = CSpin’(p, q). For a
conformal spin structure (Q°, f°) of P° we define

o' ={HcT,Q%|qe Q" and dfg(H) C Tyo(q)P? horizontal and torsion free }
with the B-action

H b= (df,,) " "(dfS(H) - Ab) YHcC Q' nT,Q° b=by b1 € B=DB, B
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and the natural projections 7 (H) := ¢ and m(H) := n°(q). This gives us a B-
principal bundle (Q!, 7, M; B) over M and a 2-fold covering

flHe Q' df’(H) € P,

which commutes with the group actions and the projections m and w*. We call the
pair (Q!, f1) the first prolongation of the conformal spin structure (Q°, f°).

Now, let w € Q!(P!, g) be a Cartan connection on P!. Since A\, and df}; are
isomorphisms, the 1-form

D=\ towodf!' € Q(Qh9)

is a Cartan connection on Q! with values in g := spin(p + 1,¢ + 1). In particular,
the normal conformal Cartan connection w™" on P! defines a normal conformal
Cartan connection @™ on Q'. In the same way as we explained in Section 2.2,
any representation

p:Spin(p+1,q+1) — GL(V)

of the spin group defines a tractor bundle F := Q! x 5V with covariant derivative
V7er induced by the normal Cartan connection w™°" .

Next, we fix again a metric ¢ in the conformal class ¢ and reduce Q' to the
spin bundle Q9. Then E ~ Q9 Xgpi0(,,4) V . Let F' be one of the bundles T'M,
T*M or so(T'M, g). Analogously to (2.2.9), the choice of g allows us to define the
map

p? : F — End(E, E),

70 i= @5 (A7 ([ 7)) [l 7| € B, (2.6.14)

where T € F,,, p € E; and u € QY.
By VY we denote the covariant derivative on E, which is defined by the
Levi-Civita connection of g. In the same way as in Proposition 2.2.4 we obtain

Proposition 2.6.11. Let p : G — GL(V) be a representation of the spin group
G= Spino(p +1,q+1) and E = Q! X5V the associated tractor bundle. For any
metric g in the conformal class ¢ the normal tractor connection on E is given by

VT = V% + pY(X) — p?(PY(X)). (2.6.15)
The curvature endomorphism of V™" is
R™(X)Y)=p(W/(X,Y)) — p?(CY(X,Y)). (2.6.16)
Let us apply this to the standard spinor representation

k:Spin’(p+1,q+1) — Api g1
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We denote the corresponding tractor bundle on a conformal spin manifold (M, c)
by
ST(M) = Ql XB Ap+1,q+1

and call it spin tractor bundle of (M,c). In the same way as for metric spinor
bundles we define a Clifford multiplication

i T(M) x Sr(M) — Sr(M)

and a bundle metric (-, ) on Sz (M) using the corresponding Spin®-invariant data
on the fibers. Then, spinors ®,¥ € I'(S7(M)) satisfy the following rules corre-
sponding to (2.6.1)-(2.6.4), where Z € X(M), X,Y € I'(T(M)) and (-,-) denote
the bundle metrics on 7 (M) and Sy (M), respectively:

(X Y+Y X) &=-2(X,Y)9, (2.6.17)
(X - 9,0) = (—1)PT3(d, X - ), (2.6.18)

Z(®, ) = (V"D U) + (&, VI T), (2.6.19)
VE'(Y-®)=VE'Y -&+Y VYo, (2.6.20)

In particular, we can assign to any spinor ® € I'(S7(M)) a series of tractor k-forms
ag € T(A%(M)) by

k(k—1)

(ak oF) .= iPHD+T57 5k o @) VoF e D(AR(M)). (2.6.21)

Next we will prove that any metric g € ¢ defines a canonical isomorphism
between the spin tractor bundle S7 (M) and the doubled metric spin bundle E9 =
S9 ® SY in such a way that the normal tractor connection V™" corresponds to
the covariant derivative VZ’ defined in (2.6.9). For this purpose, let us denote by
W the following Spin(p, ¢)-invariant subspaces of the spinor module Api1 441,

W_ = {U € Aerl,qul | fo V= 0},
W+ = {’U S Ap—‘,—l,q-‘,—l | fn-i—l U= 0}

As Spin(p, g)-representation, W, is isomorphic to A, 4. If we restrict the spin
representation x to Spin(p, ¢), we obtain the decomposition of Ay, 441 into the
sum of two Spin(p, ¢)-representations W, ~ A, ;:

Apprgrr = WiaWy
w4 fo-rwe — (w1, wa), wy,wy € Wi .

Therefore,

ST(M) = Q Xgping(p.g) Ap+1,g+1 = Q7 Xsping(p,g) W EOW,) = SIBSY = EY.
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The inverse of A, : spin(p+1,q+1) — so(p+1,q+1) applied to = € b_; ~ RP9
z € by ~ (RP9)* and (A4,a) € by = co(p,q) is

1

M) = —5T Jnt1,
1
A @) =452 fo,

A ((A@) = X A) + G (o fatr = faga - fo):

Furthermore, if we represent v € Apy1 441 in the form v = wy + fo - we with
wiy,we € W, | then

fod1 0= fog1-fo-we = —fo- fog1 - w2 —2(fo, far1)w2 = —2ws,
forv=fo-wi+ fo-fo-w2 = fo-wr.

With these formulas we obtain for the action x9(Y) on Sz (M) = 89 & 89 defined
in (2.6.14) in our special case

0o(0)=Ca") o)) wo(0)=()

where @, 1 € I'(89), X is a vector field, p a 1-form on M and 7 a skew-symmetric
endomorphism 7 € I'(s0(TM, g)) = T'(A2(T*M)).
The application of Proposition 2.6.11 to this special case yields

Proposition 2.6.12. Let g be a metric in the conformal class c¢. Then the spin
tractor bundle S7(M) can be identified with S ® 89, and in this identification the
normal tractor derivative on St (M) is given by

vnor(w>_ VX e+ X9 B \%4 X. (so)
RSVAERNA S 2R IO ORI TS 110 o S S AN A

The curvature of V™" is

nor (P _l Wg(X’Y) ('0
R (X,Y)(w> =3 < WI(X,Y) -9+ CI(X,Y) @ )

This closes the circle and shows that conformal Killing spinors in fact coincide
with the V™°"-parallel sections in the spin tractor bundle Sz (M ). This opens up a
conceptual way of describing all geometric structures admitting conformal Killing
spinors. First, try to classify the conformal holonomy groups, then select those
groups for which the lift in the spin group stabilizes a spinor in A,i 441 and,
finally, describe the conformal structures with the resulting holonomy groups.

We finish this section with results on conformal Killing spinors for Lorentzian
spin manifolds, which were obtained by F. Leitner using methods of conformal
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Cartan geometry (cf. [L05a] and [L07]). First of all he was able to prove a local
classification result for generic conformal Killing spinors. To state this result, let
us note that the Dirac current V,, of any spinor field ¢ € I'(S9) on a Lorentzian
manifold (M, g) is time- or lightlike. We call the spinor ¢ generic if it has no zeros,
V,, does not change the causal type and the dual 1-form V(,Z has constant rank,
where the rank of a 1-form o is the number

rank(o) := max{k € Ny | 0 A (do)* # 0}.

Proposition 2.6.13. ([L07], Thm 10) Let (M, g) be a Lorentzian spin manifold of
dimension n > 3 with a generic conformal Killing spinor ¢. Then (M, g) is locally
conformal equivalent to one of the following spaces:

1. (R,—dt?) x (N1,h1) x -++ X (Ny, h,), where (N;, h;) are Ricci-flat Kdihler,
hyper-Kdhler, G- or Spin(7)-manifolds. This is the case if rank(VJo’) =0
and g(V,, Vi) < 0.

2. A Brinkmann space with parallel spinor (rank(Vg) =0 and g(V,,V,) =0).

3. A Lorentzian Einstein-Sasaki manifold (n odd and rank(Vg) = o1y,

4. A Fefferman space (n even and rank(Vz) = n=2),

5. (N1, h1) X (Na, he), where (N1, h1) is a Lorentzian Einstein-Sasaki manifold,
and (Na, he) is a Riemannian Finstein-Sasaki manifold, a 3-Sasaki-manifold,
a nearly Kdhler manifold or a Riemannian sphere. Here 0 < rank(Vg) < "T_Q

Proof. We will shortly explain the idea of the proof given in [LO7]. Let ® €
I'(S7(M)) be the V"™ -parallel spinor corresponding to . Then, with the help
of (2.6.19), (2.6.20) and (2.6.21), one shows that V™°"a% = 0. Since the signa-
ture of 7 (M) is (2,n), the 2-form a3 does not vanish. Hence, there is a non-
zero 2-form o? € A%(R?*") in the stabilizer of the conformal holonomy groups
Hol(M, [g]) € O(2,n). The proof then relies on the classification of generic 2-forms
on R?". The link to the geometric structure of (M, g) results from the observation
that the ar_-part of o3 (cf. Chapter 2.5) is just the Dirac current V). O

Conformal Cartan methods have also proved very useful in studying the zero
set of conformal Killing spinors. Using the normal form classification for tractor
2-forms, F. Leitner obtained the following description of the zero set of a conformal
Killing spinor.

Proposition 2.6.14. ([L07], Thm 19) Let (M, g) be a Lorentzian spin manifold of
dimension n > 3 with a conformal Killing spinor ¢ such that zero(p) # (0. Then
zero(yp) consists either of

1. isolated images of lightlike geodesics and, off the zero set, the metric g is
locally conformal equivalent to a Brinkmann space with parallel spinor or
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2. isolated points and, off the singularity set’ sing(yp), the metric is locally con-
formally equivalent to a static monopole —ds®+h admitting a parallel spinor.
In a (convex) neighborhood of p € zero(yp) the singularity set is equal to the
geodesic light cone, which emerges from p.

We refer also to [LO7] for concrete examples of Lorentzian spin manifolds
admitting conformal Killing spinors with zeros.

All Lorentzian manifolds which appear in Proposition 2.6.13 admit global
solutions of the conformal Killing spinor equation. In the following chapter we will
describe more closely the Fefferman spaces and its conformal Killing spinors. This
kind of Lorentzian geometry is the only one, where conformal Killing spinors are
‘proper’; i.e., where they can not be transformed into parallel or Killing spinors
by a conformal change of the metric. We will use the global existence of conformal
Killing spinors to prove that the conformal holonomy group of Fefferman spaces
is contained in SU(1, §). Remember, that SU(1, ) is the only proper subgroup of
SO(2,n) that can appear as an irreducibly acting conformal holonomy group of a
Lorentzian manifold of dimension n > 4 (cf. Proposition 2.4.2).

2.7 Lorentzian conformal structures with holonomy
group SU(1,m)

Fefferman metrics are Lorentzian metrics on S'-bundles over strictly pseudocon-
vex CR manifolds. Such a metric was first discovered by Ch. Fefferman in [F76].
Fefferman studied the boundary behaviour of the Bergman kernel of a strictly
pseudoconvex domain 2 C C™ and in connection with this the solution u of the
Dirichlet problem for the complex Monge-Ampere equation on 2,

U ou/ 0z,

(-1 det( Oufdz; 9%u)0z,0%, ) =1 on ©, u=0 on JN. (2.7.1)

For existence, uniqueness and regularity of the solution cf. [CY77]. Let u be a
solution of (2.7.1), and let H : ¢/ x C* — R be the function

H(z1,...,2n,20) = |z0|2/("+1)u(21, ey Zn)-
Then the tensor field 92
G=—-——d dz
0za 325 % © d2p

on clQ x C* is non-degenerate, and the pull-back g = j*G for j:9Q x St —
clQ x C* is a Lorentzian metric on 9 x S* . If 4 = arg(zo) is the coordinate on
S1, the metric g is given by

2

_ )
7*(Ou — du) @d’y+j*(T;2kdzj ® dzp). (2.7.2)
J

g:_n—l—l

9For the exact definition of sing(p) we refer to [LOT7].
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Any biholomorphism of @ C C™ lifts to a smooth conformal diffeomorphism of
(09 x S, g). This indicates a close and interesting link between CR geometry
and Lorentzian geometry. Of course, a solution u of (2.7.1) and hence the metric
(2.7.2) is not explicitly given. Fefferman used a formal approximation procedure to
describe the ambient metric G on a neighborhood of ¢l 2. Some years later, Farris
([Fa86]) and Lee ([Lee86]) gave an explicit intrinsic description of the Fefferman
metric g as a Lorentzian metric on the canonical S*-bundle over the strictly pseu-
doconvex CR manifold €2 and extended the construction to abstract CR man-
ifolds. Graham ([Gr87]) characterized the Fefferman metric locally by curvature
properties. Other approaches studied the Fefferman construction and its relation
to conformal geometry in the framework of Cartan geometry (see [BDS77], [Ku97],
[Ca02] and [Ca06]). Inspired by the close link, the Fefferman construction provides
between CR geometry and conformal Lorentzian geometry, there is now a growing
number of geometric and analytic investigations of Fefferman spaces. We refer for
details to [DT06].

n [Lew91], J. Lewandowski studied the twistor equation for spinors on 4-
dimensional space-times and found local solutions on Fefferman spaces. In the
following section we will explain the intrinsic geometric construction of Fefferman
spaces in CR geometry. In particular, we will describe Fefferman spin manifolds,
which admit global solutions of the conformal Killing spinor equation. Details
of the proofs can be found in [Ba99]. As a consequence, we will conclude that

the conformal holonomy group of any Fefferman spin manifold is contained in
SU(1,m).

2.7.1 CR geometry and Fefferman spaces

First, we explain the necessary notions from CR geometry. Let N?™+1 be a smooth
manifold of odd dimension 2m + 1. A CR structure on N is a pair (H, J), where
1. H C TN is a real 2m-dimensional subbundle.
2. J: H — H is an almost complex structure on H, i.e., J? = —Id.
3.If X,Y € I'(H), then [JX,Y] + [X,JY] € I'(H) and
J([JX, Y]+ [X,JY]) = [JX,JY] + [X,Y] = 0 (integrability condition).

A manifold N equipped with a CR structure (H, J) is called a CR manifold.
Let us look at some examples.

Example 2.7.1 (Real hypersurfaces of complex manifolds). Any real hypersurface
NCN ofa complex manifold (N J) is a CR manifold. The pair (H,.J) is given
by H := TNﬂJ(TN) and J —J‘H

Example 2.7.2 (The complex Mébius space). Let L := {z € C™*!\ {0} |
(2,2)1.m = 0} be the isotropic cone in the complex vector space C1'™ with
hermitian form of signature (1,m). The projectivization PL is diffeomorphic to
the sphere $?™~1 C C™ ~ {1} x C™ C CY™ . Therefore, it admits the canonical
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CR structure of Example 2.7.1. Note that PL is the boundary of the complex
hyperbolic space HZ' = {z € C™ ! | (2,2)1,, = —1}.

Example 2.7.3 (Heisenberg manifolds). Let He(m) be the Heisenberg group

2t
I

He(m) := 81

S O =

’x,yéRmVZGR

i SR\

The Lie algebra of He(m) is the vector space of matrices

t

<

0
he(m) := ¢ X(v,w,u) := |0 v,weR™ uelR
0

oo
o8

with the commutator
[X(U,w,u),X(ﬁ, w, 17)} = ((v,ﬁmm — (v, w}Rm) - X(0,0,1).
A CR structure (H, J) on the Heisenberg group He(m) is given by
H = span{f((v,w,O) |v,w e R™} and J)z(v,w,()) = )?(—w,v,()),

where X (v, w, u) is the left-invariant vector field on He(m) defined by X (v, w, u).

A Heisenberg manifold is a manifold of the form He(m)/T', where T' is a
discrete subgroup of He(m). He(m)/T" is a CR manifold with the canonical CR
structure induced by the just defined pair (H, J).

Example 2.7.4 (Sasaki manifolds). Let (N, g) be an odd-dimensional Riemannian
manifold with a Killing vector field &, and let ¢ := —V9E. (N, g,€) is called a
Sasaki manifold if

9(§,8) =1,
P*(X)=-X+g(X,§¢  and
(V&P)(Y) = g(X,Y)E — g(V,§) X.

A Riemannian manifold (NN, g) admits a Sasaki structure if and only if the cone
(CN = RT x N,gc = dt? + t2g) is a Kihler manifold. Obviously, H := &+ and
J := ¢z is a CR structure on the Sasaki manifold (I, g,¢).

Now, let (N, H, J) be an oriented CR manifold. In order to define Fefferman
spaces we fix a contact form § € Q'(N) such that 6|y = 0. We call such a
contact form 6 a pseudohermitian form on (N, H, J). Let us denote by T the Reeb
vector field of 0, i.e., the vector field T uniquely determined by 6(T) = 1 and
T 1 df = 0. Using the contact form 6 we define the Levi form Ly,

Lo(X,Y):=do(X,JY), X,Y eT(H).
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Due to the integrability condition of (H,J), the Levi form is symmetric. In the
following we suppose that the Levi form Ly is positive definite. In this case,
(N, H,J,0) is called a strictly pseudoconvex manifold. The tensor field

g =Lo+000

defines a Riemannian metric on N. There is a special covariant derivative on a
strictly pseudoconvex manifold, the Tanaka- Webster connection

VW .T(T'N) - T(TN* @ TN).
VW is metric, i.e., VWgy = 0, and its torsion tensor Tor" is given by
Tor(X,Y) = L¢(JX,Y)-T  and

Tor™ (T, X) = %([T, X] + JIT, JX])

for X, Y € T'(H). These two conditions determine V" uniquely. In particular, the
Tanaka-Webster connection satisfies VWT = 0 and VW (J) = 0.

Now, let us denote by T'9 c TNT the eigenspace of the complex-linear
extension of J on HC to the eigenvalue i. Then Lg extends to a Hermitian form
on T10 by

Ly(U,V) := —ido(U, V), U,V eT(T').

For a complex 2-form w € A2NC we denote by tracep w the #-trace of w:
m
tracey w = Z w(Za, Za),
a=1

where (Z1,...,Zy) is a unitary basis of (1%, Ly). Let R" be the (4,0)-curvature
tensor of the Tanaka-Webster connection V' on the complexified tangent bundle
of N,

RY(X,Y,2,V) = go (VX , V¥] = Vixy)Z, V), XY, Z,V DTN
Furthermore, we consider the Tanaka- Webster Ricci curvature

m
Ric"V = traceé3’4)RW = Z RY (-, Zu, Z4)

a=1

and the Tanaka-Webster scalar curvature
scalV := traceg Ric%W .

It is easy to check that scalV is a real-valued function on N.
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Next, let us consider the canonical line bundle K of the CR manifold (N,H,J),
K:=A""ON ={weA"'NC|VIiw=0 VVeTW}
R* acts on K* = K \ {0} by multiplication. Then,
F:=K/Rt = N

is the S'-principal fibre bundle on N associated to K. We call F the canonical S'-
bundle of the CR manifold (N, H, J). There are special Lorentzian metrics on the
Sl-bundle F, which are constructed in the following way: We choose a connection
form A on F and a constant ¢ € R and consider the metric

ha,e:=7"Ly —ict™0 © A.

Since Ly is positive definite, h4 . is a Lorentzian metric on F. The fibres of F' are
lightlike submanifolds. Moreover, the fundamental vector fields of the S'-action
on F' are lightlike Killing fields. By definition, the metric h4 . depends on the
pseudohermitian form #. We now look for a connection form A and a constant
¢, such that the conformal class [ha ] does not depend on . First we note that
the Tanaka-Webster connection VW defines a connection form A" on F, which
we call Tanaka-Webster connection as well. To define A", let us consider a local
unitary basis s = (Z1,...,Zy) of (T'° Ly) on U C N and the matrix of local
1-forms w, = (wag) given by

VWZa = Zwag X Zg.
B

Since VW is metric, the trace of the matrix w; is purely imaginary. We denote by
(0Y,...,0m, 0t ... ™ 0) the dual basis to (Z1,..., Zm, 21, Zm, T). Then

7o =[0ANO*AN... A0 :UCN — F:=K*/RT

is a local section in the S'-bundle F. We define AW as the connection form on F
which satisfies
AW = —tracew, : TU — iR.

For the curvature of AW we get QA" = —Ric". Now we are ready to define a
special connection form A and a constant ¢ such that the conformal class [ha..] does
not depend on 6. As is well known, two connection forms on an S!'-bundle differ
by a 1-form with imaginary values on the basis of the bundle. For the following
modification of the Tanaka-Webster connection

AW _ g __ W
Ag:=A S+ 1)scal 6 (2.7.3)

and the constant ¢ := —4= one obtains
m—+2



2.7. Lorentzian conformal structures with holonomy group SU(1, m) 133

Proposition 2.7.1. ([Lee86]) Let (N, H,J,0) be an oriented strictly pseudoconver
manifold with the canonical S*-bundle m : F — N, and let hg be the Lorentzian
metric

4
hg := "Ly —im 70 © Ag (2.7.4)

+ 2
on F'. Ifg is another pseudohermitian form on (N, H,J) in the same orientation
class as 0, then there exists a positive function f on N such that 6 = f-0. The
Lorentzian metrics on F satisfy hz = (f o) - he. In particular, (F,[hg]) is a
conformal Lorentzian manifold, associated to the oriented CR-manifold (N, H,J),
which does not depend on the choice of 6.

Definition 2.7.1. The Lorentzian manifold (F) hy) is called the Fefferman space of
the strictly pseudoconvex manifold (N, H, J, ). hg is called the Fefferman metric.

The following proposition explains the local characterization of Fefferman
spaces by curvature conditions, which was found by G. Sparling and R. Graham.

Proposition 2.7.2. ([Gr87]), [Sp85]) Let (N, H,J,0) be an oriented strictly pseu-
doconver manifold, and let (F,hg) be its Fefferman space. Then any fundamental
vertical vector field & on F' is lightlike and Killing and satisfies

€1 W =0,

€1 Che =0,

Pho(¢,€) = const > 0.
Conversely, let (M, h) be a Lorentzian manifold with a regular lightlike Killing field
& such that

€1 W=,

¢ Ch=o,

Ph(€,€) = const > 0.
Then the leaf space N := M /€ has the structure of a strictly pseudoconver manifold
and its Fefferman space is locally isometric to (M, h).

Now, we consider again an oriented strictly pseudoconvex manifold (N,H,J, §)
and suppose in addition, that (N, gg) has a spin structure. This spin structure de-
fines a square root v/ K of the canonical line bundle K = A”tL0N | ie., a line
bundle VK with vK @ VK = K (for details of this construction we refer to
[Ba99]). Then we proceed in the same way as before. We consider the S!-bundle
VF =VK - / R* over N and the Tanaka-Webster connection AW on v/F defined
by V. Now, 0AY = —% Ric"'. We modify the Tanaka-Webster connection by

A =AY - eaV 2.7.
b 4(m_’_l)sca 0 (2.7.5)
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and consider the Lorentzian metric

h(;/:

=n*Lg—i ™0® Ay (2.7.6)

+2
on V'F, which we also call a Fefferman metric. Here, again, the connection form
Ay and the constant —2 in (2.7.6) are chosen in this way, in order to ensure that
the conformal class [hg/] does not depend on the choice of 6. Hence, the conformal
structure [hg/] on V' F is an invariant of the CR structure (N, H, J). Now, since

(N, gg) is spin, the Lorentzian manifold (v/'F, h(;/) is spin as well, where the spin
structure is obtained by that of (IV, gs) in a canonical way. For further purpose

we mention the structure of the spinor bundle st of (VF, hgf). Let (Q9, f99)
denote the spin structure of (N, gg). The CR structure (H, J) defines a subbundle
Qpu = (f9)~Y(Py) C Q%, where

P :={u=(X1,JX1,..., Xm,JXm,T) | u gg-orthonormal } C P9,
and an associated spinor bundle Sy := Qu Xx-1(r(m)) A2m on N. Then,
Shef ~ 7Sy ®*Sy.
Definition 2.7.2. We call (v/F, hg/) with its canonically induced spin structure the

Fefferman spin space of the strictly pseudoconvex spin manifold (N, H, J, §).

With this modification of the topological type of the canonical S'-bundle,
using the spin structure, we can give a spinorial characterization of Fefferman
spaces. First, let us note the following structure of the spinor bundle S .

Proposition 2.7.3. ([Ba99]) Let (N, H,J,0) be a strictly pseudoconvez spin man-
ifold, and let Sp be the spinor bundle with respect to (H,J). Then,

1. Sy decomposes into a sum of subbundles

Sy = @ S(—m+2r)is
r=0
where S(_y,42r); are the eigenspaces of the action of the 2-form df on Sg.
Thereby,
. m
do - |5(7m+27,)i = (—m+2r) Ads 0, and  dimS(pyory = (r)

2. The lifted bundles 7 Sy, are trivial line bundles on V'F with global sections
e € T(1*Semi), € = £1.

Using the global sections . in the line bundles 7*S.4,,;, we obtain a 2-

parametric family of conformal Killing spinors on (\/F, h(}/). Furthermore, using
Proposition 2.7.2 we can give a characterization of Fefferman spaces by means of
conformal Killing spinors.
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Proposition 2.7.4. ([Ba99], [BL04]) Let (N,H,J,0) be a strictly pseudoconvex
spin manifold with the Fefferman spin space (VF, hgf). Then the spinor fields
P = (¢Y,0) € I‘(Shg)/) = I'(n*Sy ® 7*Sy), € = £1, are conformal Killing
spinors, such that

a) the Dirac current Vy_ is a regular lightlike Killing field,

"
b) V\S/:g pe = ic e, where c € R\{0}.

Conversely, if (M, h) is an even-dimensional Lorentzian spin manifold with a con-
formal Killing spinor ¢, such that

a) the Dirac current Vy is a regular lightlike Killing field,
b) V§:¢ = ic¢, where ¢ € R\{0},

then there exists a strictly pseudoconvex spin manifold (N, H, J,0), such that its
Fefferman spin space is locally isometric to (M, h).

2.7.2 Conformal holonomy of Fefferman spaces

Using the results of the previous section, we will now show that the confor-
mal holonomy group of the Fefferman spin manifold (v/F, [hé/ ]) is contained in

SU(1,m+1) € SO(2,2m+2). Remember that (v/F, hg/) is a Lorentzian manifold
of signature (1,2m + 1). In the first step we show that

Hol(VF, [hy]) c U(L,m + 1).

For this purpose, we will define an isometric almost complex structure on the stan-
dard tractor bundle 7 (v/F), which is parallel with respect to the normal tractor
connection V"°". The further reduction to SU(1,m + 1) is then a consequence of
the existence of the two global conformal Killing spinors .

First, let us consider once more the S'-bundle 7 : VF — N associated with
the strictly pseudoconvex spin manifold (N, H,.J,6). We denote by Z* € X(v/F)
the horizontal lift of a vector field Z on IV with respect to the connection form A(‘,/.
Furthermore, we fix a vertical fundamental vector field £ on /F by the condition
hg/(T*, &) = 1, where T is the Reeb vector field of §. Remember that by definition,
€ and T* are lightlike. Then, any vector field on /F is of the form

VT + 68+ X7,

where +, § are functions on /F and X € I'(H).
Now, let ¢ = [hgf] be the conformal class of h;f, and let 7(VF) be the

standard tractor bundle of the Fefferman spin manifold (\/F ,¢). As we saw in
Section 2.2.4, the choice of a metric hy € ¢ gives rise to a splitting of 7 (v/F) into

TWF) £ ReTVFOR.
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Using this splitting, we define an almost complex structure J7 on T(\/F ) by

)
a —2

JU| AT +06+ X | = 206+ 87" +2Viee |, (2.7.7)
B -2y

where «, 3, 7, § are functions on v F, and T*, £, X* are vector fields on /F defined
as above. Then, by a direct but lengthy calculation one obtains the following
proposition. For a more conceptional proof see [L05b], [LO7] .

Proposition 2.7.5. The endomorphism J7 : T(VF) — T(\VF) satisfies
L (JT) = —Tdp ),

2. (JT¢1, I do)r = (¢1,02)7  for all ¢1,¢0 € T(VF),
3. vrer(JT) =o.
According to Proposition 2.1.5, the parallel almost complex structure J7 de-
fines a hermitian almost complex structure .Jo on the fibre R*2™+2 of T (v/F) which

is invariant under the action of the conformal holonomy group Hol(v/F, [hé/ ]). This
means that
Hol(VF, [h) 1) € U(1,m + 1) C SO(2, 2m + 2).

Now, in order to reduce the situation further to SU(1,m+ 1), we use the following
algebraic lemma.

Lemma 2.7.1. Let A € U(l,m +1) C SO(2,2m + 2), and let A € A\"1(A) C
Spin(2,2m + 2) be one of the two elements of the spin group which cover A. If
there are two linearly independent spinors in the spinor module Az 9pm12, which

are fized by the action of /T, then A € SU(1,m+ 1).

Now, according to Proposition 2.7.4, there exist at least two linearly indepen-

dent conformal Killing spinors on the Fefferman spin manifold (\/F, h(;/ ). Hence,
by Proposition 2.6.12, there are two linearly independent V"°"-parallel sections in
the spin tractor bundle S7(v/F). We use again Proposition 2.1.5, which tells us
that the action of the holonomy group Hol(S7(V/F), V™°") C Spin(2,2m + 2) on
the fibre A 9,42 of ST(\/F ) has two linearly independent fixed elements. Since
we already know that

A ( Hol(S7(VF), V")) = Hol(VF,h)) c U(1,m+1),
Lemma 2.7.1 yields

Proposition 2.7.6. The conformal holonomy group of a Fefferman spin manifold
of signature (1,2m + 1) is special unitary, i.e.,

Hol(VF, [hY ]) € SU(1,m +1) C SO(2,2m +2).
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Using the local curvature characterization of Fefferman spaces given by R.
Graham (cf. Proposition 2.7.2) and further, more detailed investigations in confor-
mal Cartan geometry, one can prove the converse of Proposition 2.7.6. For details
we refer to [L07] and [LO8].

Proposition 2.7.7. Let (M, g) be a Lorentzian manifold of even dimension n > 4,
and assume that the reduced conformal holonomy group is special unitary, i.e.,

Hol’ (M, [g]) € SU(1,n/2) C SO(2,n).

Then (M, g) is locally conformal equivalent to a Fefferman spin space.

2.8 Further results

In the previous section we described conformal structures with holonomy groups
in SU(1,m + 1). This, in principle, completes the picture in the Riemannian and
in the Lorentzian situation (cf. Section 2.4). We finish these lectures with some
remarks on results in higher signature.

First, note that the constructions in the previous section also work if the
Levi form Ly is non-degenerate, but not necessarily positive definite. In case the
hermitian space (T1°, Ly) has signature (p, q), with p + ¢ = m, one obtains in the
same way a pseudo-Riemannian manifold (v/F, hgf) of signature (2p + 1,2¢ + 1)
with conformal holonomy group

Hol(VF, [hY]) € SU(p+1,q+1) C SO(2p +2,2q + 2),

and again, any of such a conformal manifold can be locally obtained by this con-
struction.

The next interesting case is that of pseudo-Riemannian manifolds (M, g) of
signature (3,4m + 3) with conformal holonomy group in the symplectic group

Sp(1,m+1) C SO(4,4m + 4).

Such manifolds were studied in detail by Jesse Alt in [Al08] and [Al09]. The models
of such manifolds are S3-bundles over a quaternionic contact manifold equipped
with a canonical conformal structure, introduced by O. Biquard, cf. [Bi06].

For the group Gyz) C SO(4,3) much has been done in recent work by
P. Nurowski, T. Leistner, M. Hammerl and K. Sagerschnig. Conformal manifolds
with holonomy in G5(9) are 5-dimensional of signature (3,2) and admit a generic
rank 2 distribution. For further studies of this case we refer to [Nu05], [Nu08g],
[LN09], [Ha09] and [HaS09].

Conformal manifolds with holonomy group in Spin(4,3) C SO(4, 4) have been
studied by R. Bryant in [Bry06]. Such manifolds are 6-dimensional of signature
(3,3) and admit a generic rank 3 distribution.
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Finally, we want to mention that in [A108], J. Alt proposed a general concept
for the classification of conformal holonomy groups H C O(p + 1,¢ + 1), which
act locally transitively on the Mobius sphere QP-9. This approach includes a gen-
eralization of the Fefferman construction, which we carried out in detail for the
CR case, to more general cases. Thereby, the interpretation of this construction
in the general framework of parabolic Cartan geometry is essential. We refer for
this general approach to Fefferman spaces to [Ca06] and [A108]. Moreover, for all
who want to understand the general background of parabolic geometry, which gen-
eralizes conformal Cartan geometry, we recommend [CS09] and the forthcoming
second volume of this book.
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